A PVS Library for Measure and Integration

David Lester

February 13, 2010



Contents

I Local Extras

1 partitions

2 pointwise_convergence
3 sup_norm

4 cross_product

5 product_sections

II Borel Sets and Functions
6 subset_algebra_def
7 subset_algebra

8 sigma_algebra

9 product_sigma_def
10 product_sigma

11 borel

12 hausdorff_borel

13 borel_functions

14 identity_borel

15 composition_borel

16 real_borel

IIT Measures

17 generalized_measure_def
18 measure_def

19 measure_space_def

20 measure_space

21 outer_measure_def

22 ast_def

23 outer_measure

11

13

15
15
19
20
21
22
24
26
27
28
29

30

31
31
33
36
39
45
46

48



24 outer_measure_props
25 measure_props

26 measure_theory

27 monotone_classes

28 hahn_kolmogorov

29 measure_contraction

30 measure_contraction_props

IV  Finite Measures

31 finite_measure

V o-Finite Measures

32 sigma_finite_measure_props

VI Complete Measures
33 complete_measure_theory

34 measure_completion_aux

35 measure_completion

VII Integration

36 isf

37 nn_integral

38 integral

39 integral _convergence
40 complete_integral

41 indefinite_integral
42 measure_equality

43 finite_integral

VIII Product Measures

49
52
53
56
57
58

60

61

61

63

63

64
64
65

67

68
68
72
75
79
80
81
83

84

85



44 product_finite_measure

45 product_measure

IX Product Integrals
46 product_integral_def
47 finite_fubini_scaf

48 finite_fubini_tonelli

49 finite_fubini

50 fubini_tonelli

51 fubini

85

87

89
89
92
94
95
96

97



Part 1
Local Extras

1 partitions

partitions[T': TYPE|: THEORY
BEGIN

a, ai, az: VAR set[T]
A: VAR setofsets[T}
partition?(A, a): bool =
UA =a A
vV (z, y: (A): = # y = disjoint?(x, y))

finite_partition?(A4, a): bool =
partition?(A, a) A is_finite(A)

partition: TYPE+ = (A A: partition?(A4, fullset|[T])) CONTAINING singleton [set[T]]

(fullset
[17)
finite_partition: TYPE+ = (A A: finite_partition?(A, fullset [T])) CONTAINING singleton
[set
[7]]
(fullset
[17)

p1, P2: VAR finite_partition
IMPORTING finite_sets@finite_cross

join(pi, p2): finite_partition =
{a I 3 (a1: (p1), a2z (p2)): a = (a1 Naz)}

END partitions



2 pointwise_convergence

pointwise_convergence [T: TYPE]: THEORY
BEGIN

IMPORTING metric_space@convergence_aux

u, v: VAR Sequence“T — RH

fs fos fi: VAR [T — R]

g: VAR [T — Ry

r: VAR T

c: VAR R

n, m: VAR N

P: VAR pred [sequence [R] }

zeroseq(n)(z): R = 0

pointwise?(P)(u): bool = V z: P(A n: u(n)(z))

pointwise_bounded_above?(u): bool =
pointwise?(bounded_above?)(u)

pointwise_bounded_below?(u): bool =
pointwise? (bounded_below?)(u)

pointwise_bounded?(u): bool = pointwise?(bounded_seq?)(u)
pointwise_bounded_def: LEMMA

pointwise_bounded?(u) <
(pointwise_bounded_above?(u) A pointwise_bounded_below?(u))

pointwise_bounded_above: TYPE+ = (pointwise_bounded_above?) CONTAINING zero_seq

pointwise_bounded_below: TYPE+4 = (pointwise_bounded_below?) CONTAINING zero_seq
pointwise_bounded: TYPE+ = (pointwise_bounded?) CONTAINING zero_seq

pointwise_bounded_is_bounded_above: JUDGEMENT pointwise_bounded SUBTYPE_OF
pointwise_bounded_above

pointwise_bounded_is_bounded_below: JUDGEMENT pointwise_bounded SUBTYPE_OF
pointwise_bounded _below

u—> f: bool =V x: A n: un)(z) — f(z)



pointwise_convergent?(u): bool = 3 f: u— f
pointwise_convergent: TYPE+ = (pointwise_convergent?) CONTAINING zero_seq
IMPORTING reals@real _fun_ops_aux [T]

U+ v: sequence[[T — RH =
A n: ouln) +on);

cXu: sequence[[T — RH = A n: exu(n);
—u: sequence[[T — RH = A n: —(u(n));

u—wv: sequence[[T — R]|] =
A n: u(n) —v(n);

>

ut: sequence[[T — Rso]] = A n: u(n)”
u™: sequence| [T — Rxql] = X n: u(n)”;

pointwise_convergence_sum: LEMMA
u— fo Nv—fi = ut+tv— fo+ /i

pointwise_convergence_scal: LEMMA
u— f = cxu—cxf

pointwise_convergence_opp: LEMMA u — f = —u — —f

pointwise_convergence_diff : LEMMA
u— fo ANv—fi = u—v— fo—f1

w, wy, wi: VAR pointwise_convergent

pointwise_convergent_sum: JUDGEMENT +(wp, w;) HAS_TYPE
pointwise_convergent

pointwise_convergent_scal: JUDGEMENT X(c¢, w) HAS_TYPE
pointwise_convergent

pointwise_convergent_opp: JUDGEMENT —(w) HAS_TYPE
pointwise_convergent

pointwise_convergent_diff : JUDGEMENT —(wg, wj) HAS_TYPE
pointwise_convergent

pointwise_convergent_is_pointwise_bounded: JUDGEMENT pointwise_convergent SUBTYPE_OF
pointwise_bounded

pointwise_increasing?(u): bool =
V x: increasing?(A n: u(n)(z))



pointwise_decreasing?(u): bool =
V x: decreasing?(A n: wu(n)(z))

u /" f: bool = u— f A pointwise_increasing?(u)
u\, f: bool = u— f A pointwise_decreasing?(u)

plus_minus_pointwise_convergence: LEMMA
u—f & (W — T AuT— f7)

p: VAR pointwise_bounded_below
a: VAR pointwise_bounded_above

b: VAR pointwise_bounded

inf(p)(n)(z): R =
inf(image[N, R|(A m: p(m)(z), {m | m > n}))

limsup(d)(z): R =
sup(image[N, R](A m: inf(b)(m)(z), fullset|N]))

sup(a)(n)(z): R =
sup(image[N, R](A m: a(m)(z), {m | m > n}))

liminf(b)(z): R =
inf(image[N, R](A m: sup(b)(m)(z), fullset|N]))

sup-inf_def: LEMMA sup(a) = —inf(—a)

liminf limsup_def: LEMMA liminf(b) = —limsup(—b)
inf_pointwise_increasing: LEMMA pointwise_increasing?(inf(p))
infle: LEMMA inf(p)(n)(z) < p(n)(z)

inf_pointwise_le: LEMMA
p—f = (Vn, z: inf(p)(n)(z) < f(z))

limsup_pointwise_convergence: LEMMA inf(b) — limsup(b)

inf_pointwise_convergence_upto: LEMMA

p— f = inf(p) / f

pointwise_convergence_plus_minus_def: LEMMA
u— f =

(inf(u®) 7 fF A inf(u™) /7 f7)

END pointwise_convergence



3 sup_norm

supnorm|[T': TYPE|: THEORY
BEGIN

€: VAR Ry

c: VAR RZO
y: VAR R
r: VAR T

i, n: VAR N

IMPORTING reals@real_fun_ops_aux [T] , reals@bounded_reals [R] s
structures@const_fun_def [T s R]

bounded?(f: [T — R]): bool =
Je: Va: |fla) <c

bounded: TYPE+ = (bounded?) CONTAINING (A z: 0)
fs fi, fo: VAR bounded
bounded_add: JUDGEMENT +(f1, f2) HAS_TYPE bounded
bounded_scal: JUDGEMENT X(y, f) HAS_TYPE bounded
bounded_opp: JUDGEMENT —(f) HAS_TYPE bounded
bounded_diff: JUDGEMENT —(f1, f2) HAS_TYPE bounded
supnorm(f): R>o =
IF 3 x: TRUE
THEN sup(extend[R, Rxq, bool, FALSE|({c | 3 z: |f(z)] = c}))
ELSE 0

ENDIF

sup-norm_eq-0: LEMMA
supnorm(f) = 0 < f = const_fun[T, R](0)

sup_norm_neg: LEMMA sup_norm(—f) = sup_norm(f)

sup_norm_sum: LEMMA
sup_norm(f; + f2) < sup_norm(f;) + sup_norm(fz)

sup_norm_prop: LEMMA
(v 22 [f(z)] < supnorm(f)) A
(Ve (VY z: [f(x)] < ¢) = supmorm(f) < ¢)



u: VAR sequence [bounded]
sup_norm_converges_to?(u, f): bool =
Voe:
I n: Vi i>n = supnorm(u(i) — f) < ¢

sup_norm_convergent?(u): bool =
3 f: sup-norm_converges_to?(u, f)

sup_norm_convergent: TYPE+ = (sup_norm_convergent?) CONTAINING (A

S8 >3

~

IMPORTING pointwise_convergence [T]

sup_norm_convergent_is_pointwise_convergent: JUDGEMENT sup-norm_convergent SUBTYPE_OF
pointwise_convergent

sup_norm_converges_to_pointwise_convergence: LEMMA
sup_norm_converges_to?(u, f) = u— f

END sup-norm
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4 product_sections

product,sections[Tl, T5: TYPE]: THEORY
BEGIN

X, Y: VAR set|[T}, T3]]

a: VAR Tj

b: VAR T,

IMPORTING topology@cross_product [Tl, TQ]
x_section_emptyset: LEMMA xsection(f), a) =

x_section_complement: LEMMA

x_section(X, a) = xsection(X, a)

x_section_union: LEMMA
xsection((X UY), a) =
(x_section(X, a)Uxsection(Y, a))

x_section_intersection: LEMMA
xsection((X NY), a) =
(x_section(X, a)Nxsection(Y, a))

x_section_disjoint: LEMMA
disjoint?(X, Y) =
disjoint?(x_section(X , a), x_section(Y, a))

y_section_emptyset: LEMMA y_section(), b) =

y,section,corgplement: LEMMA
y-section(X, b) = y.section(X, b)

y_section_union: LEMMA
ysection((X UY), b) =
(y-section(X, b)Uysection(Y, b))

y_section_intersection: LEMMA
ysection((X NY), b) =
(y_section(X, b)Nysection(Y, b))

y_section_disjoint: LEMMA
disjoint?(X, Y) =
disjoint?(y_section(X, b), y-section(Y, b))

END product_sections

0

0
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Part II
Borel Sets and Functions

5 subset_algebra_def

subset_algebra_def [T: TYPE]: THEORY
BEGIN

IMPORTING sets_aux@countable_props,
structures@fun_preds_partial
[N, set [T], restrict“R, R}, [N, N], boolean] (reals. <),
subset? [T]] s
sets_aux@indexed_sets_aux [N, T] , sets_aux@countable_indexed_sets [T] ,
sets,aux@nat,indexed,sets[T} , sets_aux@countable_image

n, 1: VAR N

a, b: VAR set[T]

S, X, Y: VAR setofsets|T|

NX: VAR (nonempty?|[set[T]])

E: VAR sequence[set[T]
subset_algebra_empty?(S): bool = (§[T] € S)

subset_algebra_complement?(S): bool =

YV (z: (9)): (T €S)

subset_algebra_union?(S): bool =

Vo(z, y: (9): (@Uy) €S)

subset_algebra?(S): bool =
subset_algebra_empty?(S) A
subset_algebra_complement?(S) A subset_algebra_union?(S)

sigma_algebra_union?(S): bool =
vV X:
is_countable [set [T]](X) A (V (z: (X)): (z€9)) =
UXes)

sigma_algebra?(S): bool =
subset_algebra_empty?(S) A

subset_algebra_complement?(S) A sigma_algebra_union?(S)

sigma_union_implies_subset_union: LEMMA
sigma_algebra_union?(S) = subset_algebra_union?(S)

sigma_algebra_implies_subset_algebra: LEMMA

12



sigma_algebra?(S) = subset_algebra?(S)

trivial_subset_algebra: (subset_algebra?) =
(singleton(0[T']) U singleton(fullset [T']))

subset_algebra: TYPE+ = (subset._algebra?) CONTAINING trivial_subset_algebra
sigma_algebra: TYPE+ = (sigma_algebra?) CONTAINING trivial subset_algebra
A: VAR sigma_algebra

I: VAR set [sigma,algebra}

sigma_algebra_is_subset_algebra: JUDGEMENT sigma_algebra SUBTYPE_OF
subset_algebra

powerset_is_sigma_algebra: LEMMA
sigma_algebra? (powerset (fullset[T']))

S(X): sigma_algebra =
(Y | sigma_algebra?(Y) A (X CY)}

generated_sigma_algebra_subsetl: LEMMA (X C S(X))

generated _sigma_algebra_subset2: LEMMA
(X CY) A sigma_algebra?(Y) = (S(X)CY)

generated_sigma_algebra_idempotent: LEMMA S(A) = A

intersection_sigma_algebra: LEMMA
vV (A, B: sigma_algebra): sigma_algebra?((A N B))

o(I): sigma_algebra =
S(Uextend [setof [setof[T]], sigma_algebra, bool, FALSE](I))

sigma_member: LEMMA (A€ ) = (ACo(l))
B: VAR subset_algebra
J: VAR set [subset,algebra}

powerset_is_subset_algebra: LEMMA
subset_algebra? (powerset (fullset [T']))

A(X): subset_algebra =
({Y | subset_algebra?(Y) A (X CY)}

generated_subset_algebra_subsetl: LEMMA (X C A(X))
generated_subset_algebra_subset2: LEMMA

(X CY) A subset_algebra?(Y) = (A(X) CY)

13



generated_subset_algebra_idempotent: LEMMA A(B) = B

intersection_subset_algebra: LEMMA
V (A, B: subset_algebra): subset_algebra?((AN B))

subset(J): subset_algebra =
A(Uextend [setof[setof[T']], subset_algebra, bool, FALSE|(J))

subset_member: LEMMA (B € J) = (B C subset(J))

finite_disjoint_union?(X)(a): bool =
i F, n:
disjoint?(E) A
a=UE A
(Vi
(it <n=(EGeX)) A
(i > n = empty?(E(i))))

finite_disjoint _union_of?(X)(a)(E, n): bool =
disjoint?(E) A
a=UFE A
(Vi
(it <n=(EleX)) A
(i > n = empty?(E(i))))

card(X: setofsets[T], a: (finite_disjoint_union?(X))): N =
min({n: N |
3 E: finite_disjoint_union_of?(X)(a)(E, n)})

finite_disjoint_unions(X): setofsets[T] =
extend [setof [T'], ((finite_disjoint_union?(X))), bool, FALSE]
(fullset [ (finite_disjoint_union?(X))])

disjoint_algebra_construction: LEMMA
(V (a, b: (NX)): ((anbd) e NX)) A
(V (a: (NX)): finite_disjoint_union?(NX)(a))
= A(NX) = finite_disjoint_unions(NX)

monotone?(X): bool =
vV E:
(V n: (E(n) e X)) =
((increasing?(E) = (JE € X)) A
(decreasing?(F) = (N F € X)))
monotone_class: TYPE+ = (monotone?) CONTAINING trivial_subset_algebra

powerset_is_monotone: LEMMA monotone?(powerset (fullset[T']))

sigma_algebra_is_monotone_class: JUDGEMENT sigma_algebra SUBTYPE_OF
monotone_class

14



monotone_algebra_is_sigma: LEMMA
subset_algebra?(X) A monotone?(X) = sigma_algebra?(X)

C': VAR monotone_class
K: VAR set [monotone,class]

monotone_class_Intersection: LEMMA
monotone? ([ extend [setof[setof[T']], monotone_class, bool, FALSE](K))

monotone_class: THEOREM (B C C) = (S(B) C ()

END subset_algebra_def

15



6 subset_algebra

subset,algebra[T : TYPE, (IMPORTING subset_algebra_def [T]) S': subset,algebra[T]]: THEORY
BEGIN

x, y: VAR (5)

subset_algebra_emptyset: JUDGEMENT ([T] HAS_TYPE (S)
subset_algebra_fullset: JUDGEMENT fullset|[T] HAS_TYPE (S)
subset_algebra_complement: JUDGEMENT complement(z) HAS_TYPE (S)
subset_algebra_union: JUDGEMENT union(x, y) HAS_TYPE (S5)

subset_algebra_intersection: JUDGEMENT intersection(x, y) HAS_TYPE

(5)
subset_algebra_difference: JUDGEMENT difference(z, y) HAS_TYPE (5)

END subset_algebra

16



7 sigma_algebra

sigma,algebra[T: TYPE, (IMPORTING subset_algebra_def [T}) S: sigma,algebra]: THEORY
BEGIN

IMPORTING subset,algebra[T, S], sets_aux@countable_image

x, y: VAR (5)

SS: VAR sequence[(S)]

sigma_algebra_emptyset: LEMMA (() [T} €59)

sigma_algebra_fullset: LEMMA (fullset[T] € S)
sigma_algebra_complement: LEMMA (T € S)

sigma_algebra_union: LEMMA ((xUy) € 5)
sigma_algebra_intersection: LEMMA ((zNy) € S)
sigma_algebra_difference: LEMMA ((z\y) € S)
sigma_algebra_IUnion: LEMMA (|JSS € 5)

sigma_algebra IIntersection: LEMMA ([)SS € S)
sigma_algebra_emptyset_rew: JUDGEMENT Q][T] HAS_TYPE (5)
sigma_algebra_fullset_rew: JUDGEMENT fullset[T} HAS_TYPE (.5)
sigma_algebra_complement_rew: JUDGEMENT complement(x) HAS_TYPE (S)
sigma_algebra_union_rew: JUDGEMENT union(z, y) HAS_TYPE (S5)

sigma_algebra_intersection_ rew: JUDGEMENT intersection(z, y) HAS_TYPE

(5)

sigma_algebra_difference_rew: JUDGEMENT difference(z, y) HAS_TYPE

(5)
sigma_algebra_ IUnion_rew: JUDGEMENT IUnion(SS) HAS_TYPE (.5)

sigma_algebra_IIntersection_rew: JUDGEMENT IIntersection(SS) HAS_TYPE

(5)

END sigma_algebra

17



8 product_sigma_def

product_sigma_def [Tl, Ts: TYPE]: THEORY
BEGIN

IMPORTING subset_algebra_def, sigma_algebra, topology@cross_product [Tl, Tg] ,
product_sections [Tl, Tg] , sets_aux@countable_image

i, n: VAR N

r: VAR T}

y: VAR Th

X: VAR set|[T1]

Y: VAR set[Tb]

NX: VAR (nonempty?[T}])
NY: VAR (nonempty?[T5])
Z: VAR set[[T1, Tb]]

S1: VAR sigma_algebra[T}]
Sz: VAR sigma_algebra[T]

measurable_rectangle?(S1, S2)(Z): bool =
I3X,Y: Z=XxY A S51(X) A S2(Y)

measurable_rectangle(S;, S3): TYPE+ = (measurable_rectangle?(S;, S»)) CONTAINING ()

S1 X Sy: sigma,algebra[[Tl, TQH =
S(extend [setof[[T}, T»]]|, measurablerectangle(S;, Sa), bool, FALSE](fullset|measurable rectangle(S, Sa)]

x_section_measurable: LEMMA
(Z €81 xS2) = (xsection(Z, z) € Ss)

y_section_measurable: LEMMA
(Z € S1 x S2) = (ysection(Z, y) € S1)

sigma_cross_projection: LEMMA
(NXxNY €5 x83) = (NXeS;) A(NY e€85,))

END product_sigma_def

18



9 product_sigma

product_sigma|Ty, To: TYPE, (IMPORTING subset_algebra_def) Si: sigma_algebra[T],
So: sigma,algebra[Tg]]: THEORY
BEGIN

IMPORTING subset_algebra_def, sigma_algebra, topology@cross,product[Tl, Tg],
product_sigma_def [Tl, Tg} , sets_aux@countable_image

n, i: VAR N

X: VAR (S1)

Y: VAR (52)

r: VAR T}

y: VAR Th

Z: VAR set[[T1, Tb]]

NX: VAR (nonempty?[T1])

NY: VAR (nonempty?[T>])

R, Ry, Ry: VAR set[(measurable_rectangle?(S1, Ss))]
r, T, T3: VAR (measurable_rectangle?(S;, S3))

cross_product_is_sigma_times: LEMMA
sigma_times(Sy, S2)(X xY)

rectangle_algebra_aux: LEMMA
A(measurable_rectangle?(S1, S2)) =
finite_disjoint_unions [ [Tl s TQ] ]
(measurable_rectangle?(S;, S2))

rectangle_algebra: subset,algebra[[Tl, TQH =
finite_disjoint_unions [ [Tl , TQ] ]
(measurable_rectangle?(S;, S2))

rectangle_algebra_def: LEMMA
rectangle_algebra = A(measurable_rectangle?(Sy, S2))

finite_disjoint_rectangles: LEMMA
finite_disjoint_unions [ [T}, T>]](measurable_rectangle?(Sy, S2))(Z) <
(3 R:
Uextend [setof[[T}, T2]|, ((measurablerectangle?[Ty, T5|(S1, S2))), bool, FALSE|(R)
A
is_finite(R) A

19



vV (z, y: (R): z = y V disjoint?(z, y)))

intersection_rectangle: LEMMA
finite_disjoint_union?(measurable_rectangle?(Sy, S2))

((r1Nr2))

complement_rectangle: LEMMA
finite_disjoint_union?(measurable_rectangle?(Sy, S2))(7)

END product_sigma

20



10 borel

borel[T: TYPE, (IMPORTING topology@topology,def[T]) S topology]: THEORY
BEGIN

IMPORTING subset_algebra_def [T } , topology@topology [T , S] , topology@basis [T] R
sets_aux@countability

r: VAR T

X: VAR open

Y: VAR closed

Z: VAR set [T]

B: VAR (base?[T](S9))

borel?: sigma_algebra =
S(extend [setof[T], open[T7 S}, bool, FALSE] (fullset[open]))

borel: TYPE+ = (borel?) CONTAINING @[T
IMPORTING sigma.algebra[T', (borel?)]

a, b: VAR borel

A: VAR countable_set [borel]

C': VAR set [borel]

emptyset_is_borel: LEMMA borel?(([T])
fullset_is_borel: LEMMA borel?(fullset[T])
open_is_borel: LEMMA borel?(X)
closed_is_borel: LEMMA borel?(Y)
complement_is_borel: LEMMA borel?(a)
union_is_borel: LEMMA borel?((a U b))
intersection_is_borel: LEMMA borel?((a N b))
difference_is_borel: LEMMA borel?((a \ b))

Union_is_borel: LEMMA
borel?(|J extend [setof[T], borel, bool, FALSE](A))

Complement_is_borel: LEMMA
every(borel?,

21



Complement (extend [setof [T'], borel, bool, FALSE|(C)))

Intersection_is_borel: LEMMA
borel?((N extend [setof[T], borel, bool, FALSE](A))

emptyset_is_borel_judge: JUDGEMENT @[T| HAS_TYPE borel
fullset_is_borel_judge: JUDGEMENT fullset[T’] HAS_TYPE borel
open_is_borel_judge: JUDGEMENT open SUBTYPE_OF borel
closed_is_borel_judge: JUDGEMENT closed SUBTYPE_OF borel
complement_is_borel judge: JUDGEMENT complement(a) HAS_TYPE borel
union_is_borel_judge: JUDGEMENT union(a, b) HAS_TYPE borel

intersection_is_borel judge: JUDGEMENT intersection(a, b) HAS_TYPE
borel

difference_is_borel_judge: JUDGEMENT difference(a, b) HAS_TYPE borel
borel_basis: LEMMA generated_sigma_algebra(B)(Z) = borel?(Z)
borel_countable_basis: LEMMA is_countable(B) = borel? = S(B)

END borel

22



11 hausdorff_borel

hausdorff,borel[T: TYPE, (IMPORTING topology@topology_def [T]) S': hausdorff]: THEORY
BEGIN

IMPORTING topology@hausdorff_convergence [T, S] , borel[T R S]
x: VAR T

singleton_is_borel: LEMMA borel?(singleton(x))
singleton_is_borel_judge: JUDGEMENT singleton(xz) HAS_TYPE borel

END hausdorff_borel

23



12 borel _functions

borel,functions[(IMPORTING topology@topology_def) T;: TYPE, S: topology[Tl], T5: TYPE,
T: topology[Tg]]: THEORY
BEGIN

IMPORTING borel, structures@const_fun_def [T T, Tg] , topology@continuity_def [T 1, S, Ty, T] ,
topology@continuity [Tl, S, 1o, T]

f: VAR [Ty — To]
c: VAR T

X: VAR open[Ty, T
B: VAR borel[T3, T

borel_function?(f): bool =
(V B: borel?[Ty, S|(inverse_image(f, B)))

borel_function_def: LEMMA

borel_function?(f) =

(V X: borel?[Ty, S|(inverse_image[Ty, T2|(f, X)))
borel_function: TYPE = (borel function?)
const_borel_function: LEMMA borel_function?(const_fun[Ty, T](c))

continuous_is_borel: JUDGEMENT continuous SUBTYPE_OF borel_function

END borel_functions

24



13 identity _borel

identity,borel[T: TYPE, (IMPORTING topology@topology_def [T]) S': topology]: THEORY
BEGIN

IMPORTING borel,functions[T, S, T, S]
id_borel: LEMMA borel_function?(I[T])
Lis_borel: JUDGEMENT I[T| HAS_TYPE borel_function

END identity_borel

25



14 composition_borel

composition,borel[(IMPORTING topology@topology_def) T;: TYPE, S: topology[Tl], T5: TYPE,
T: topology[Tg], T3: TYPE, U: topology[Tgﬂz THEORY
BEGIN

IMPORTING borel_functions [Tl , S, Ty, T] , borel_functions [TQ , I, 13, U] s
borel_functions [Tl, S, 13, U ]

f: VAR [TQ — T3]

g: VAR [Ty — T3]

composition_borel: LEMMA
borel_function?(f) A borel_function?(g) =
borel_function?(f o g)

F: VAR borel,function[Tg, T, 13, U]

G: VAR borequnction[Tl, S, Ty, T}

composition_is_borel: JUDGEMENT O(F, G) HAS_TYPE
borel,function[Tl, S, T3, U]

END composition_borel
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15 real borel

real_borel: THEORY
BEGIN

IMPORTING metric_space@real_topology, borel [R, metric,induced,topology} R
hausdorff_borel [R , metric,induced,topology}

borel_generated_by _rational_open_interval: LEMMA

borel? =

S(extend [setof[R], rational open_interval, bool, FALSE](fullset|rational open_interval]))
borel_generated_by_open_interval: LEMMA

borel? =

S(extend [setof[R], open_interval, bool, FALSE] (fullset[open,interval]))
open_interval_is_borel: JUDGEMENT open_interval SUBTYPE_OF borel

closed_interval_is_borel: JUDGEMENT closed_interval SUBTYPE_OF borel

END real_borel
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Part III
Measures

16 generalized measure_def

generalized _measure_def [T : TYPE, S: setofsets[T]]: THEORY
BEGIN

ASSUMING
S_empty: ASSUMPTION S(0)
ENDASSUMING

IMPORTING series@series, sets,aux@indexed,sets,aux[N, T ] , sets_aux@nat_indexed_sets [T] s
metric_space@convergence_aux, Rzo@ﬁzo

i, J, n: VAR N

f: var [(S) — Rxo]

g: VAR [(S) — Rx]

A: VAR [N — (9)]

a, b: VAR (S5)

T: VAR set[T]

disjoint_indexed_measurable?(A): bool = disjoint?(A)

disjoint_-indexed_-measurable: TYPE+ = (disjoint-indexed_measurable?) CONTAINING (A

— S

T))

disjoint_indexed_measurable_is_disjoint_indexed _set: JUDGEMENT disjoint_indexed_measurable SUBTYPE_OF
disjoint_indexed _set [N ) T]

X: VAR disjoint_indexed_measurable
measure_empty?(f): bool = f(0[T]) = (TRUE, 0)

measure_countably_additive?(f): bool =
v X: SUX) = X foX = f(UX)
measure_complete?(f): bool =
vV z, a:
((x Ca) A f(a) = (TRUE, 0)) = S(z))
measure?(f): bool =

measure_empty?(f) A measure_countably_additive?(f)
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complete_measure?(f): bool =
measure?(f) A measure_complete?(f)

zero_measure(a): Rsqg = (TRUE, 0)
measure_type: TYPE+ = (measure?) CONTAINING zero_measure

trivial_measure: measure_type =
A a: IF empty?(a) THEN (TRUE, 0) ELSE (FALSE, 0) ENDIF

complete_measure: TYPE+ = (complete_measure?) CONTAINING trivial . measure

complete_measure_is_measure: JUDGEMENT complete_measure SUBTYPE_OF
measure_type

measure_disjoint_union: LEMMA
measure?(f) A disjoint?(a, b) A S((aUD)) =
f((aUd)) = fla) + f(b)
finite_measure?(g): bool =
g@[T]) =0 A
V X:
S(JX) = series(go X) — g(JX))
complete_finite_measure?(g): bool =
finite_measure?(g) A
(V z, a: (xCa) A gla) =0 = S(x))
trivial finite_measure(A: (S)): [R>¢] = 0
finite_measure: TYPE+ = (finite_measure?) CONTAINING trivial finite_measure

complete_finite_measure: TYPE = (complete_finite_measure?)

complete_finite_measure_is_finite_measure: JUDGEMENT complete_finite_measure SUBTYPE_OF
finite_measure

to_measure(m: finite_measure): measure_type =
A a: (TRUE, m(a))

F: VAR sequence|measure_type]
x_sum_measure: LEMMA measure?(A a: (DX i: F(i)(a)))

END generalized _measure_def
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17 measure_def

measure_def [T: TYPE, (IMPORTING subset_algebra_def [T]) S Subset,algebra]: THEORY
BEGIN

IMPORTING subset,algebra[T, S], generalized_measure_def [T, S]

convergent: MACRO pred [sequence [RH =
convergence_sequences . convergent? ;

limit: MACRO [(convergence_sequences.convergent?) — R] =
convergence_sequences. limit;

i, J, n: VAR N

f: var [(S) — Rxo]

g: VAR [(S) — Rx]

A: VAR [N — (9)]

a, b: VAR (S5)

T: VAR set [T]

X: VAR disjoint_indexed_measurable

increasing_indexed _measurable?(A): bool = increasing_indexed?(A)

increasing_indexed_measurable: TYPE+ = (increasing indexed_measurable?) CONTAINING (A
Elllset
[7])

P: VAR increasing_indexed_measurable

measure_sigma_finite?(f): bool =
3 X: UX = fullset[T] A (Y i F(X(0)1)

sigma_finite_measure?(f): bool =
measure?(f) A measure_sigma_finite?(f)

complete_sigma _finite?(f): bool =
measure?(f) A
measure_complete?(f) A measure_sigma_finite?(f)
sigma_finite_measure: TYPE+ = (sigma_finite_measure?) CONTAINING zero_measure

complete_sigma _finite: TYPE = (complete_sigma _finite?)

discrete_measure: measure_type =
A a:
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IF is_finite(a)

THEN (TRUE, card[T](a))
ELSE (FALSE, 0)
ENDIF

sigma_finite_measure_is_measure: JUDGEMENT sigma_finite_measure SUBTYPE_OF
measure_type

complete_sigma_finite_is_complete_measure: JUDGEMENT complete_sigma_ finite SUBTYPE_OF
complete_measure

complete_sigma_finite_is_sigma_finite_measure: JUDGEMENT complete_sigma_finite SUBTYPE_OF
sigma_finite_measure

measure_monotone: LEMMA
measure?(f) A (a Cb) = f(a) < f(b)

measure_union: LEMMA

measure?(f) = f((aUb)) < f(a) + f(b)

measure_def: LEMMA
(measure?(f) <
(measure_empty?(f) A
(Y (a, b: (9)):
disjoint?(a, b) = f((aUb)) = f(a)+ f(b))
A
(V X:
SUX) =
fUX) <X foX)))

finite_measure_def: LEMMA
finite_measure?(g) <
(9@[T]) = 0 A
(v (a, b: (9)):
disjoint?(a, b) = g((aUb)) = g(a) + g(b))
A
VvV X:
S(JX) A convergence sequences.convergent?(series(g o X)) =
gUX) <

convergence_sequences . limit(series(g o X))))
A of(f: sigma finite_measure): disjoint_indexed measurable =

choose({X |
UX = fullset[T] A

(Vi f(X() D)

P_of(f: sigma_finite_measure)(n): (S) =
UXi: 1F i < n THEN A_of(f)(i) ELSE O[T] ENDIF

[t: VAR sigma_finite_measure
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A of defl: LEMMA [JA_ of(n) = fullset[T]
A of def2: LEMMA V n: p(A of(p)(n))‘1
P_of defl: LEMMA (JP_of(n) = fullset[T]
P_of def2: LEMMA V n: u(P_of(p)(n))‘1

P_of_def3: LEMMA
Vi, jii < j = (Pof(u)(i) C Poof(u)(j))

sigma_finite_defl : LEMMA
sigma_finite_measure?(f) <
(measure?(f) A
3 Xx:
UX = fullset[T] A (V i: f(X(i))1)))

sigma_finite_def2: LEMMA
sigma_finite_measure?(f) <
(measure?(f) A
3 P:
UP = fullset[T] A (V i: f(P(i))“1)))

END measure_def
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18 measure_space_def

measure_space_def [T: TYPE, (IMPORTING subset_algebra_def [T]) S sigma,algebra}: THEORY
BEGIN

IMPORTING sigma,algebra[T, S] R reals@realjun,ops,aux[T] ,
structures@const_fun_def [T, R], metric_space@real_topology, topology@basis[R] ,
borel[R, metric,induced,topology] , real_borel, sets_aux@countable_props,
sets_aux@inverse_image_Union, sets_aux@countable_image, sets_aux@countable_set

X: VAR set [T ]

Y: VAR set[R]

r, Yy, 2: VAR T

f: VAR [T — R]

B: VAR borel

c: VAR R

q: VAR Q

r: VAR Rsg

measurable_set?(X): bool = S(X)

measurable_set: TYPE+ = (measurable_set?) CONTAINING @[T

a, b: VAR measurable_set

SS: VAR sequence|[measurable_set]

M: VAR countable_set[(9)]

measurable_emptyset: JUDGEMENT (Z)[T] HAS_TYPE measurable_set

measurable_fullset: JUDGEMENT fullset[T] HAS_TYPE measurable_set

measurable_complement: JUDGEMENT complement(a) HAS_TYPE measurable_set

measurable_union: JUDGEMENT union(a, b) HAS_TYPE measurable_set

measurable_intersection: JUDGEMENT intersection(a, b) HAS_TYPE
measurable_set

measurable_difference: JUDGEMENT difference(a, b) HAS_TYPE
measurable_set

measurable_IUnion: JUDGEMENT IUnion(SS) HAS_TYPE measurable_set
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measurable_IIntersection: JUDGEMENT IIntersection(SS) HAS_TYPE
measurable_set

measurable_Union: JUDGEMENT Union(M) HAS_TYPE measurable_set

measurable_Intersection: JUDGEMENT Intersection(}M) HAS_TYPE
measurable_set

measurable_function?(f): bool =
V B: measurable_set?(inverse_image(f, B))

measurable_function: TYPE+ = (measurable_function?) CONTAINING (A

g, g1, g2: VAR measurable_function

measurable_is_function: JUDGEMENT measurable_function SUBTYPE_OF
[T — R]

constant_is_measurable: JUDGEMENT (constant?[T’, R]) SUBTYPE_OF
measurable_function

U: VAR setofsets|R]
measurable_def: LEMMA
borel? = S(U) =
(measurable_function?(f) <
(V (X: (U)): S(inverse_image(f, X))))
measurable_def2: LEMMA
measurable_function?(f) <

(V (i: open_interval): S(inverse_image(f, 7)))

measurable_gt: LEMMA
measurable_function?(f) < (v ¢: S({z | f(2) > ¢}))

measurable_le: LEMMA
measurable_function?(f) < (V ¢: S({z | f(2) < ¢}))

measurable_lt: LEMMA
measurable_function?(f) < (V ¢: S{z | f(z) < ¢}))

measurable_ge: LEMMA
measurable_function?(f) < (V ¢: S{z | f(z) > ¢}))

measurable_gt2: LEMMA
measurable_function?(f) < (¥ q: S{z | f(2) > q}))

measurable_le2: LEMMA
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measurable_function?(f) < (V ¢: S{z | f(2) < q¢}))

measurable_1t2: LEMMA
measurable_function?(f) < (V q: S{z | f(2) < q}))

measurable_ge2: LEMMA
measurable_function?(f) < (V ¢: S{z | f(z) > q}))

scal_measurable: JUDGEMENT X (¢, g) HAS_TYPE measurable_function
sum_measurable: JUDGEMENT +(g1, ¢2) HAS_TYPE measurable_function
opp-measurable: JUDGEMENT —(g) HAS_TYPE measurable_function

diff_ measurable: JUDGEMENT —(g1, ¢g2) HAS_TYPE measurable function

END measure_space_def
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19 measure_space

measure,space[T : TYPE, (IMPORTING subset_algebra_def [T]) S': sigma,algebra]: THEORY
BEGIN

IMPORTING measure_space_def [T R S] , reals@real fun_ops_aux [T] , power@real fun_power [T] ,
real_borel,
borequnctions[R, metric_induced_topology, R, metric,induced,topology],
topology@constant_continuity
[]R, metric_induced_topology, R, metric,induced,topology},
metric_space@metric_continuity
R, (\ (2, y: R): o—yl), R,
(A (2, y: R): fo—y])],
metric_space@real_continuity [R, (A (z, y: R): |z —y])],
pointwise,convergence[T] , reals@bounded_reals [R], finite_sets@finite_cross,
finite_sets@finite_sets_minmax_props [R S g}
f: VarR [T — R]
g, g1, g2: VAR measurable,function[T, S]
¢: VAR borel function
i, j, n, m: VAR N
$: VAR Sequence[[T — R]]
%: VAR sequence[measurable,function[T, SH
r: VAR T
c, ¢1, C3, Yy: VAR R
X: VAR set [T ]
Y: VAR set []R]

a: VAR Ry

borel_comp_measurable_is_measurable: JUDGEMENT O(¢, g) HAS_TYPE
measurable_function [T , S }

const_measurable: LEMMA measurable_function?(A z: ¢)

nn_measurable?(f): bool =
measurable_function?(f) A (V¥ z: 0 < f(z))

nn_measurable: TYPE+4 = (nn_measurable?) CONTAINING (A z: 0)
nn_measurable_is_measurable: JUDGEMENT nn_measurable SUBTYPE_OF

measurable_function

36



abs_measurable: JUDGEMENT abs(g) HAS_TYPE
measurable_function [T, S]

expt_nat_measurable: JUDGEMENT expt(g, n) HAS_TYPE
measurable_function [T , S }

sq-measurable: JUDGEMENT sq(g) HAS_TYPE measurable_function|[T', S]

min_measurable: JUDGEMENT min(g;, ¢2) HAS_TYPE
measurable_function [T , S }

max_measurable: JUDGEMENT max(g;, ¢2) HAS_TYPE
measurable_function [T, S]

minimum_measurable: JUDGEMENT minimum(u, n) HAS_TYPE
measurable_function [T s S}

maximum_measurable: JUDGEMENT maximum(u, 1) HAS_TYPE
measurable_function [T , S }

plus_measurable: JUDGEMENT plus(g) HAS_TYPE
measurable_function [T , S }

minus_measurable: JUDGEMENT minus(g) HAS_TYPE
measurable_function [T , S }

prod_measurable: JUDGEMENT X (g1, g2) HAS_TYPE
measurable_function [T , S }

expt_measurable: JUDGEMENT “(g: nn_measurable, a) HAS_TYPE
measurable_function [T , S }

measurable_plus_minus: LEMMA
measurable_function? [T', S](f) <

(measurable_function? [T, S](fT) A
measurable_function? [T', S](f7))

measurable_bounded_above?(u): bool = pointwise_bounded_above?(u)
measurable_bounded_below?(u): bool = pointwise_bounded_below?(u)

measurable_bounded?(u): bool =
measurable_bounded-above?(u) A measurable_bounded_below?(u)

measurable_bounded_above: TYPE+4 = (measurable_bounded_above?) CONTAINING (A

S8 >3

=
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measurable_bounded_below: TYPE+4 = (measurable_bounded_below?) CONTAINING (A

S8 >3

=

measurable_bounded: TYPE+ = (measurable bounded?) CONTAINING (A

> 3

=]
S~ ..

measurable_bounded_above_is_bounded_above: JUDGEMENT measurable_bounded_above SUBTYPE_OF
pointwise_bounded_above

measurable_bounded_below_is_bounded_below: JUDGEMENT measurable_bounded_below SUBTYPE_OF
pointwise_bounded_below

measurable_bounded_is_measurable_bounded_above: JUDGEMENT measurable_bounded SUBTYPE_OF
measurable_bounded_above

measurable_bounded_is_measurable_bounded_below: JUDGEMENT measurable_bounded SUBTYPE_OF
measurable_bounded_below

measurable_bounded_is_bounded: JUDGEMENT measurable_bounded SUBTYPE_OF
pointwise_bounded

inf measurable: LEMMA
V (u: measurable_bounded_below):
measurable_function? [T', S](inf(u)(n))
sup-measurable: LEMMA
¥V (u: measurable_bounded_above):

measurable_function? [T, S](sup(u)(n))

pointwise_measurable: LEMMA
u — f = measurable_function?[T", S|(f)

simple?(f): bool =
measurable_function? [T, S]( ) A
is_finite(image(f, fullset[T]))
simple: TYPE+ = (simple?) CONTAINING (A z: 0)
simple_is_measurable: JUDGEMENT simple SUBTYPE_OF measurable_function
simple_const: LEMMA simple?(A z: ¢)

nn_simple?(f): bool = (V z: 0 < f(z)) A simple?(f)

nn_simple: TYPE+4 = (nn_simple?) CONTAINING (A z: 0)
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nn_simple_is_simple: JUDGEMENT nn_simple SUBTYPE_OF simple
h, hi, ho: VAR simple
v: VAR sequence[simple]
simple_sq: JUDGEMENT sq(h) HAS_TYPE simple
simple_add: JUDGEMENT +(h;, hs) HAS_TYPE simple
simple_scal: JUDGEMENT X(c, h) HAS_TYPE simple
simple_neg: JUDGEMENT —(h) HAS_TYPE simple
simple_diff : JUDGEMENT —(h;i, he) HAS_TYPE simple
simple_abs: JUDGEMENT abs(h) HAS_TYPE simple
simple_min: JUDGEMENT min(h;, hg) HAS_TYPE simple
simple_max: JUDGEMENT max(hy, he) HAS_TYPE simple
simple_maximum: JUDGEMENT maximum(v, n) HAS_TYPE simple
simple_minimum: JUDGEMENT minimum(v, n) HAS_TYPE simple
simple_plus: JUDGEMENT plus(h) HAS_TYPE simple
simple_minus: JUDGEMENT minus(h) HAS_TYPE simple
simple_times: JUDGEMENT X(hy, hg) HAS_TYPE simple
simple_expt_nat: JUDGEMENT expt(h, n) HAS_TYPE simple
simple_expt: JUDGEMENT “(h: nn_simple, a) HAS_TYPE simple
¢x(x): N =1F (r € X) THEN 1 ELSE 0 ENDIF
phi_is_simple: JUDGEMENT ¢(X: (S)) HAS_TYPE simple
IMPORTING hausdorﬁ,borel[]R, metric,induced,topology] , partitions [T]
P: VAR finite_partition [T}
simple_defl: LEMMA

simple?(f) <

(is_finite(image(f, fullset[T])) A

(V (y: (image(f, fullset [T] ))):
measurable set?({z | y = f(z)})))
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constant_over?(f)(X): bool =
FJy: V(e (X)) y = [f2)

simple_def2: LEMMA
simple?(f) <
(3 P: every(S, P) A every(constant_over?(f), P))

simple_def3: LEMMA
simple?(f) <
(E' ci1, Cg, hl, hQZ c1 X h1+62 X hQ = f)

IMPORTING sup_norm /7]

bounded_measurable?(f): bool =
bounded?(f) A measurable_function?(f)

bounded_measurable: TYPE+ = (bounded_measurable?) CONTAINING (A
x:
0)

bounded_measurable_is_bounded: JUDGEMENT bounded_measurable SUBTYPE_OF
bounded

bounded_measurable_is_measurable: JUDGEMENT bounded_measurable SUBTYPE_OF
measurable_function

simple_is_bounded_measurable: JUDGEMENT simple SUBTYPE_OF
bounded_measurable

nn_bounded_measurable?(f): bool =
bounded_measurable?(f) A (V z: 0 < f(x))

nn_bounded_measurable: TYPE4 = (nn_bounded_measurable?) CONTAINING (A
x:
0)

nn_bounded_measurable_is_bounded_measurable: JUDGEMENT nn_bounded_measurable SUBTYPE_OF
bounded_measurable

increasing_nn_simple?(u): bool =
(V n: nn_simple?(u(n))) A pointwise_increasing?(u)

increasing nn_simple: TYPE+ = (increasing nn_simple?) CONTAINING (A

o8 >3

Nad

p: VAR nn_bounded_measurable

w: VAR increasing nn_simple

40



sup_norm_simple: LEMMA
3 h:
(V x: 0 < h(z) & h(z) < p(x)) A

sup_norm(p)
2

sup_norm(p — h) <

nn_simple_approx(p): nn_simple =
choose({h |
(Va: 0 < h(z) & h(z) < plx)) A
supnorm(p — h) <

Sup,n(;rm(p) })

IMPORTING reals@sigma_nat

nn_simple_sequence(p)(n): RECURSIVE
{h | Vz: 0 < h(z) & h(z) < pla)} =
IFn =20
THEN nn_simple_approx(p)
ELSE nn_simple_sequence(p — nn_simple_approx(p))(n — 1)
ENDIF
MEASURE (A p: A n: n)

nn_bounded_measurable_as_increasing_simple_sequence: LEMMA
3 w: sup_norm_converges_to?(w, p)

nn_bounded_measurable_as_sequence_prop: LEMMA
sup_norm_converges_to?(w, p) =
YV n, z: wn)(z) < pz))

bounded_measurable_as_increasing_sequence: LEMMA
bounded_measurable?(f) =
(3 v: sup-norm_converges_to?(v, f))
nn_measurable_def: LEMMA
Va: 0< fl) =
(measurable_function?(f) < (3 w: w / f))

measurable_as_limit_simple_def: LEMMA
measurable_function?(f) < (3 v: v — f)

END measure_space
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20 outer_measure_def

outer_measure_def [T : TYPE]: THEORY
BEGIN

IMPORTING Rs(@R>q,
str_uctur_es@fun,preds,partial
[N, set [T], restrict“R, R}, [N, N], boolean] (reals. <),
subset? [T]] s
sets_aux@indexed_sets_aux [N , T]

f: VAR [set[T] — R
X: VAR [N — set[T]]
a, b: VAR set[T]

om_empty?(f): bool = f(0[T]) = (TRUE, 0)

om_increasing?(f): bool =
YV oa, b: (aCb) = f(a) < f(b)

om_countably_subadditive?(f): bool =
VX: f(UX)<X foX

outer_measure?(f): bool =

om_empty?(f) A

om_increasing?(f) A om_countably_subadditive?(f)
zero_outer_measure(a): Rsg = (TRUE, 0)

outer_measure: TYPE+ = (outer_measure?) CONTAINING zero-outer_measure

END outer_measure_def
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21 ast_def

ast_def[T: TYPE, A: (nonempty?[set[T]])]: THEORY
BEGIN

ASSUMING
IMPORTING subset_algebra_def [T]
A_empty: ASSUMPTION A(0)
A _fullset: ASSUMPTION A(fullset)
A_intersection: ASSUMPTION V (a, b: (A4)): A((aNb))
A difference: ASSUMPTION
YV (a, b: (A)): finite_disjoint_union?(A)((a \ b))
ENDASSUMING
IMPORTING generalized _measure_def [T s A] , outer_measure_def [T] s @zo@doublejndex[set [T]]
[: VAR measure_type
z: VAR R
€: VAR Ry
X: VAR set|[T]
Y: var (4)
I: VAR sequence[(A)]
a, b: VAR Set[T]
i, n: VAR N
A _difference_union: LEMMA
A(a) A finite_disjoint_union?(A)(b) =
finite_disjoint_union?(A)((a \ b))

measure_subadditive: LEMMA

AUD = pUD < Ypol

generalized_monotonicity : LEMMA
disjoint?(I) A (IUnion(n, I) CY) A (VY i: i > n = empty?(I(7))) =
Sopol < pu(Y)

generalized_measure_monotone: LEMMA
¥ (a, b (A), w): (@Cb) = pla) < pu(b)

W : outer_measure =
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A X:
inf({z | 31: uol=2z A (XCUD}

outer_measure_eq: LEMMA ast(u)(Y) = u(Y)
outer_measure_def: LEMMA
3 1:
(X CUI) A D pol <ast(u)(X)+e

END ast_def
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22 outer_measure

outer,measure[T: TYPE, (IMPORTING subset_algebra_def [T}) A: subset,algebra}: THEORY
BEGIN

IMPORTING subset,algebra[T, A], ast_def [T, A}

END outer_measure
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23 outer_measure_props

outer_measure_props|T': TYPE, (IMPORTING outer_measure_def[T]) m: outer_measure|: THEORY
BEGIN

IMPORTING outer_measure_def [T] , subset_algebra_def [T] , orders@bounded_nats
i: VAR N

x, y: VAR set|T]

A: VAR sequence [set [TH

m_outer_empty: LEMMA m((Z)[T]) = (TRUE, 0)

m_outer_increasing: LEMMA (z Cy) = m(x) < m(y)

m_outer_subadditive: LEMMA m((JA) <> moA

outer_negligible?(z): bool = m(x) = (TRUE, 0)

outer_measurable?(z): bool =
v y: m(y) =m((yNnz)) +m((yNT))

outer_negligible: TYPE+ = (outer_negligible?) CONTAINING ()[T]
outer_measurable: TYPE+ = (outer_measurable?) CONTAINING ()[T]

pairwise_subadditive: LEMMA
m(y) <m((yNz))+m(lyNni))

outer_measurable_def: LEMMA
outer_measurable?(z) <
(V y:
m((y Nx)) +m((y 7)) <m(y))

outer_negligible_is_outer_measurable: JUDGEMENT outer_negligible SUBTYPE_OF
outer_measurable

a, b: VAR outer_measurable
X: VAR sequence [outer,measurable]
S': VAR setofsets [T]

outer_measurable_complement: JUDGEMENT complement(a) HAS_TYPE
outer_measurable

outer_measurable_emptyset: JUDGEMENT Q)[T] HAS_TYPE outer_measurable

outer_measurable_fullset: JUDGEMENT fullset [T] HAS_TYPE
outer_measurable
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outer_measurable_union: JUDGEMENT union(a, b) HAS_TYPE
outer_measurable

outer_measurable_intersection: JUDGEMENT intersection(a, b) HAS_TYPE
outer_measurable

outer_measurable_difference: JUDGEMENT difference(a, b) HAS_TYPE
outer_measurable

outer_measurable_disjoint_union: LEMMA
disjoint?(a, b) =
m((z N (aUb))) =m((zNa))+m((xNb))

outer_measurable TUnion: JUDGEMENT IUnion(X) HAS_TYPE outer_measurable

outer_measurable_IIntersection: JUDGEMENT IIntersection(X) HAS_TYPE
outer_measurable

outer_measurable_Union: LEMMA
is_countable(S) A every(outer_measurable?, S) =
outer_measurable?(|J S)
outer_measurable_Intersection: LEMMA
is_countable(S) A every(outer_measurable?, S) =
outer_measurable?([.5)
outer_measurable_disjoint_IUnion: LEMMA
disjoint?(X) =

m((@nUX) = YA i m((@n X))

outer_measure_disjoint_IUnion: LEMMA
disjoint?(X) = m(JX)=> moX

outer_measurable_is_sigma_algebra: LEMMA
sigma,algebra?(extend[setof [T], outer_measurable, bool, FALSE]
(fullset [outer_measurable] ))
induced_sigma_algebra: sigma,algebra[T] = (outer-measurable?)

IMPORTING measure_def [T, induced,sigma,algebra]

induced_measure: complete_measure = -
restrict [set[T], (induced_sigma_algebra), Rxo](m)

induced_measure rew: LEMMA induced_measure(a) = m(a)
n, N1, Mo: VAR outer_negligible

outer_negligible_emptyset: JUDGEMENT (Z)[T] HAS_TYPE outer_negligible
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outer_negligible_union: JUDGEMENT union(ni, ng) HAS_TYPE
outer_negligible

outer_negligible_subset: LEMMA (x C n) = outer_negligible?(z)

END outer_measure_props
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24 measure_props

measure_props[T’: TYPE, (IMPORTING subset_algebra_def[T]) S: sigma_algebra,
(IMPORTING measure_def[T', S]) m: measure_type|: THEORY
BEGIN
IMPORTING measure_space_def [T s S] , sigma,algebra[T, S] ,
structures@fun_preds_partial
[N, set [T], restrict“R, R}, [N, N], boolean] (reals. <),
subset? [T]] s
measure_def [T s S], series@series_aux
n, i: VAR N
a, b, M: VAR measurable_set
xr, Yy: VAR @20
X: VAR sequence [ﬁzo]
DX: vAR disjoint_indexed_measurable
FE: VAR sequence [measurable,set]
mu_fin?(M): bool = m(M)‘1
pw(M: {m: (S) | mufin?(m)}): Rso = m(M)‘2
m_emptyset: LEMMA m(Q[T]) = (TRUE, 0)

m_countably_additive: LEMMA Y m o DX = m(|JDX)

m_disjoint_union: LEMMA
disjoint?(a, b) = m((aUb)) = m(a) +m(b)

m_monotone: LEMMA (a Cb) = m(a) < m(b)
m_union: LEMMA m((aUb)) < m(a)+ m(b)

m_increasing_convergence: LEMMA
increasing?(F) = x_converges?(mo E, m(|JFE))

m_decreasing_convergence: LEMMA
decreasing?(F) A mu_fin?(E(0)) =

x_converges?(mo E, m(E))

END measure_props
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25 measure_theory

measure,theory[T : TYPE, (IMPORTING subset_algebra_def [T]) S': sigma_algebra,
(IMPORTING measure_def [T, S]) m: measure,type]: THEORY
BEGIN

IMPORTING measure_space_def [T s S], sigma,algebra[T, S], measure,props[T, S, m],
sets_aux@countable_indexed _sets

a, b: VAR measurable_set

X, Y: VAR set|T]

P: VAR set|[T]

p: VAR pred[[R, R]]

fs gt VAR [T — R]

F, G: VAR sequence[[T — R]]
x: VAR T

i, J, n: VAR N

Z: VAR setofsets|T]

null set?(X): bool =
measurable_set?(X) A mufin?(X) A u(X) =0

negligible set?(Y): bool = 3 X: nullset?(X) A (Y C X)
null set: TYPE+ = (nullset?) CONTAINING ([T]
negligible: TYPE+ = (negligible_set?) CONTAINING [T
N, Ny, Ny: VAR null_set

NS: VAR sequence [null,set]

FE, E;, Es: VAR negligible

ES: VAR sequence [negligible]

negligible_iff measurable null: LEMMA
(negligible_set?(X) A measurable_set?(X)) < null_set?(X)

null_set_is_measurable: JUDGEMENT null_set SUBTYPE_OF measurable_set

null_is_negligible: JUDGEMENT null_set SUBTYPE_OF negligible
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null_emptyset: JUDGEMENT @[T] HAS_TYPE null_set

null_union: JUDGEMENT union(Ni, N3) HAS_TYPE null_set
null_intersection: JUDGEMENT intersection(N7, No) HAS_TYPE null_set
null_difference: JUDGEMENT difference(Ny, Ni) HAS_TYPE null_set
null TUnion: JUDGEMENT IUnion(NS) HAS_TYPE null_set

null_Union: LEMMA
every(null_set?, Z) A is_countable(Z) = nullset?(| Z)

negligible_emptyset: JUDGEMENT ([T] HAS_TYPE negligible
negligible_union: JUDGEMENT union(E;, F3) HAS_TYPE negligible

negligible_intersection: JUDGEMENT intersection(E;, FE2) HAS_TYPE
negligible

negligible IUnion: JUDGEMENT IUnion(ES) HAS_TYPE negligible
negligible_Union: LEMMA
every(negligible set?, Z) A is_countable(Z) =
negligible_set?(|J Z)
negligible_subset: LEMMA (X C E) = negligible_set?(X)

ae_in?(P)(X): bool =
FE:V (z: (X)): (- (z€FE) = (x€P)

ae?(P): bool = ae.in?(P)(fullset[T])

pointwise_ae?(p)(f, g): bool =
ac?(A z: p(f(z), g(x)))

ae?(p)(f, g): bool = pointwise_ae?(p)(f, g)
f=0 a.e.: bool =
pointwise,ae?(restrict[[number, number], [R, ]R], boolean](:))
(fs N z:0)
f >0 a.e.: bool = pointwise_ae?(<)((A z: 0), f)
f >0 a.e.: bool = pointwise_ae?(<)((A x: 0), f)
f <g a.e.: bool = pointwise_ae?(<)(f, g)
f=g ae.: bool =

pointwise,ae?(restrict[[number, number], [R, R], boolean](:))

(fs 9)
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ae_eq-equivalence: LEMMA equivalence?(ae_eq?)
ae_le_reflexive: LEMMA reflexive?(ae_le?)

ae_le_antisymmetric: LEMMA
f<gae Ng<f ae = f=g ae

ae_le_transitive: LEMMA transitive?(ae_le?)

ae_convergence_in?(X)(F, f): bool =
aeiin?(A z: A n: F(n)(x) — f(x))(X)

ae_cauchy_in?(X)(F): bool =
ae_in?(A z: cauchy?(A n: F(n)(z)))(X)

F — f a.e.: bool = ae_convergence_in?(fullset[T])(F, f)
ae_cauchy?(F): bool = ae_cauchy_in?(fullset[T'])(F)
ae_convergence_cauchy: LEMMA F — [ a.e. = ae_cauchy?(F)

ae_convergence_eq: LEMMA
F—fae = (F—gae & f=g ae)

ae_eq_convergence: LEMMA
F— f ae N (VY n: F(n)=G(n) ae) =

G— f ae
increasing?(F') a.e.: bool =
3 E:
vV ox:
- (z€F) =

Vi, j: i <j= F@i)(x)

IA

=
<
=
=

decreasing?(F') a.e.: bool =
3 E:
vV ox:
- (z€F) =
(i, jii < j = F(j)) < F@))

ae_monotonic_converges?(F', f): bool =
F — f a.e. N (increasing?(F') a.e. V decreasing?(F) a.e.)

ae_convergent?(F): bool = 3 f: F— f a.e.

END measure_theory
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26 monotone_classes

monotone,classes[T: TYPE, C: (nonempty? [set [T”)] THEORY
BEGIN

IMPORTING subset_algebra_def [T}
a, b: VAR (C)
x: VAR (S(0))
IMPORTING measure_def[T', (S(C))], sigma_algebra, measure_props
monotone_finite_measures: COROLLARY
YV (v, p: finite_measure):
(V a, b: ((and)eC)) A
(V a: finite_disjoint_union?(C)(@)) A (¥ a: u(a) = v(a))
S (o () = ()

END monotone_classes
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27 hahn_kolmogorov
hahn,kolmogorov[T: TYPE, (IMPORTING subset_algebra_def [T]) A: subset_algebra,
(IMPORTING measure_def [T, A]) e measure,type}: THEORY
BEGIN
IMPORTING outer,measure[T, A}, outer,measure,props[T, ,u*]
x: VAR (4)
algebra_in_induced_sigma_algebra: LEMMA (A C induced_sigma_algebra)
IMPORTING measure,theory[T, induced_sigma_algebra, induced,measure]

induced_measure_measure: LEMMA induced_measure(x) = u(x)

END hahn_kolmogorov
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Part TV
Finite Measures

28 finite_measure

ﬁnite,measure[T: TYPE, (IMPORTING subset_algebra_def [T]) S': sigma_algebra,
(IMPORTING measure_def [T, S]) p: finite_measure|: THEORY
BEGIN

IMPORTING sets_aux@sets_lemmas_aux, sets,aux@indexed,sets,aux[N , T], sigma,algebra[T s S] ,
series@series_aux,
structures@fun_preds_partial
[N, set [T], restrict“R, R}, [N, N], boolean] (reals. <),
subset?[T]]

X: var [N — (9)]
A, B: VAR (95)
fm_emptyset: LEMMA pu(f) = 0

fm_convergence: LEMMA
disjoint?(X) = series(po X) — u(JX)

fm_disjointunion: LEMMA
disjoint?(4, B) =
#(AUB)) = p(A)+ u(B)

fm_complement: LEMMA u(A) = p(fullset) — u(A)

fm_union: LEMMA
H(AUB)) =
n(A) + pu(B) — p((AN B))

fm_intersection: LEMMA
W(ANB)) =
1(A) + p(B) — n((AU B))

fm_difference: LEMMA
n((A\ B)) =
n(A) = w(B) + u((B\ A))

fm_subset: LEMMA
(ACB) = wB) = wA)+p((B\A)
fm_subsetle: LEMMA (A C B) = u(4) < u(B)

fm_monotone: LEMMA (A C B) = u(A) < u(B)

fm IUnion: LEMMA increasing?(X) = poX — u(lJX)
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fm_IIntersection: LEMMA
decreasing?(X) = po X — pu(OX)

IMPORTING measure,def[T, S]
measure_from: measure_type = A A: (TRUE, p(A4))

END finite_measure
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Part V
Complete Measures

29 complete_measure_theory

complete,measure,theory[T: TYPE, (IMPORTING subset_algebra_def [T]) S': sigma_algebra,
(IMPORTING measure_def[T', S]) p: complete_measure|: THEORY

BEGIN

IMPORTING measure_space_def [T, S], sigma,algebra[T, S], measure,theory[T , S, u},
measure,props[T , S, ,u]

N: VAR null_set
X: VAR set [T ]
FE: VAR negligible
f: VarR [T — R]

g: VAR measurable_function
null_subset: LEMMA (X C N) = null_set?(X)
null_is_negligible: LEMMA nullset?(X) < negligible_set?(X)

ae_eq measurable: LEMMA f =g a.e. = measurable function?(f)

END complete_measure_theory
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30 measure_completion_aux

measure,completion,auX[T: TYPE]: THEORY
BEGIN

IMPORTING subset_algebra_def [T } , measure_def, measure_theory, measure_props
XS: VAR setofsets[T}

A, B, X: VAR set[T]

2: VAR Rxg

almost_measurable?(S: sigma_algebra|T|, m: measure_type[T, S])(X): bool =
3 (Y: (S), N1, Np: negligible[T', S, m]):
X = (YUN;)\ No)

empty_almost_measurable: LEMMA
v (S Sigma,algebra[ﬂ, m: measure,type[T, S]):
almost_measurable?(S, m)(0[T])

complement_almost_measurable: LEMMA
V (S: sigma_algebra[T], m: measure_type[T, S]):
almost_measurable?(S, m)(X) <
almost_measurable?(S, m)(X)

Union_almost_measurable: LEMMA
V (S: sigma_algebra[T], m: measure_type[T, S]):
every(almost_measurable?(S, m), XS) A is_countable(XS) =
almost_measurable?(S, m)(|JXS)

completion(S': sigma,algebra[T ] , m: measure,type[T, SD: sigma,algebra[T ] =
{X | almost_measurable?(S, m)(X)}

generated_completion: LEMMA
v (S: Sigma,algebra[ﬂ, m: measure,type[T, S]):
S((S U extend [setof[T]7 negligible[T, S, m}, bool, FALSE] (fullset[negligible[T, S, mﬂ)))
= completion(S, m)

completion_extends: LEMMA
v (S Sigma,algebra[T }, m: measure,type[T, S]):
S(X) = completion(S, m)(X)

negligible_completion: LEMMA
V (S: sigma_algebra[T], m: measure_type[T, S]):
negligible_set? [T, S, m|(X) = completion(S, m)(X)
is_completion(S': sigma,algebra[T], m: measure,type[T, S])(A, B): bool =
completion(S, m)(A) A S(B) =
(3 (N1, Na: negligible[T, S, m]):
A = ((BUN1)\ N2))
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m_completions: LEMMA
V (S: sigma.algebra[T], m: measure_type[T, S|, X, A, B):
completion(S, m)(X) A
S(A) A
S(B) A is_completion(S, m)(X, A) A is_completion(S, m)(X, B)
= m(A4) = m(B)

choose_completion: LEMMA
v (S Sigma,algebra[ﬂ, m: measure,type[T, S], X):
completion(S, m)(X) =
is_completion(S, m)
(X,
choose({Y: (S) |
3 (Ny, Na: negligible[T, S, m}):
X 2 ((YUN)\ Na)})

completion(S': sigma,algebra[T ] , M: measure,type[T, SD:
complete_measure[T', completion(S, m)] =
A (X: (completion(S, m))):
m(choose({Y: (9) |
3 (N7, Na: negligible[T, S, m])
X = (YUN)\N2)}))

completion_measurable: LEMMA
V (S: sigma_algebra[T], m: measure_type[T, S|, X: (9)):
completion(S, m)(X) =m(X)
completion_negligible: LEMMA
v (S: sigma,algebra[T}, m: measure,type[T, S], N: negligible[T, S, m]):
completion(S, m)(N) = (TRUE, 0)

END measure_completion_aux
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31 measure_completion

measure_completion[T': TYPE, (IMPORTING subset_algebra_def[T]) S: sigma_algebra,
(IMPORTING measure_def[T', S]) m: measure_type|: THEORY
BEGIN
IMPORTING measure_completion_aux [T] , measure_theory [T , S, m]
X: VAR (9)
N: VAR negligible[T, S, m}
sigma_algebra_completion : sigma,algebra[T] = completion(S, m)
generated_completion: LEMMA
S((S Uextend [setof[T], negligible[T, S, m], bool, FALSE] (fullset[negligible[T, S, m]])))

= sigma_algebra_completion

completion: complete_measure [T, completion (S, m)] =
completion(S, m)

completion_measurable: LEMMA completion(X) = m(X)
completion_negligible: LEMMA completion(N) = (TRUE, 0)

END measure_completion
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Part VI
Integration

32 isf
isf [T: TYPE, (IMPORTING subset_algebra_def [T]) S': sigma_algebra,
(IMPORTING measure_def [T, S]) m: measure_type|: THEORY
BEGIN
IMPORTING measure,space[T, S], measure_theory [T, S, m] , Ineasure_props [T, S, m}
z: VAR T
f: VAR [T — R]
g: VAR measurable_function
X: VAR (9)
Y: VAR set[T]
nonzero_set?(f): set[T] = {z | f(z) # 0}
nonzero_measurable: LEMMA measurable_set?(nonzero_set?(g))
nonzero_set_phi: LEMMA nonzeroset?(¢x) = X
isf?(f): bool = simple?(f) A mu_fin?(nonzero_set?(f))
isf zero: LEMMA isf?(\ x: 0)
isf: TYPE+ = (isf?) CONTAINING (A z: 0)
isf_is_simple: JUDGEMENT isf SUBTYPE_OF simple
i, 41, 99: VAR isf
w: VAR sequence [isf}
c: VAR R
n: VAR N
pn: VAR Nyg
E: vAR (mu-fin?)
h: VAR simple

nnx: VAR RZO
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isf.add: JUDGEMENT +(i1, 42) HAS_TYPE isf
isf scal: JUDGEMENT X(c¢, i) HAS_TYPE isf
isf opp: JUDGEMENT —(i) HAS_TYPE isf
isf diff: JUDGEMENT — (i1, i2) HAS_TYPE isf
isf_abs: JUDGEMENT abs(i) HAS_TYPE isf
isf_min: JUDGEMENT min(é;, i) HAS_TYPE isf
isf max: JUDGEMENT max(i1, i3) HAS_TYPE isf
isf_ minimum: JUDGEMENT minimum(w, n) HAS_TYPE isf
isf_maximum: JUDGEMENT maximum(w, n) HAS_TYPE isf
isf_plus: JUDGEMENT plus(i) HAS_TYPE isf
isf_ minus: JUDGEMENT minus(i) HAS_TYPE isf
isf sq: JUDGEMENT sq(i) HAS_TYPE isf
isf prod: JUDGEMENT X (i1, i2) HAS_TYPE isf
isf_ phi: JUDGEMENT ¢(F) HAS_TYPE isf
isf_ expt: JUDGEMENT expt(i, pn) HAS_TYPE isf
isf_times_simple_is_isf: JUDGEMENT X (i, h) HAS_TYPE isf
P: VAR pred [isf]
isf_induction: LEMMA

(P(A xz: 0) A Ve, E, i: P(i) = Plex¢p+1i))) =

P(i)
P, P1, P2: VAR ﬁnite,partition[T]
finite_partition_of?(f)(p): bool =

vV (E: (p):
S(E) A
constant_over?(f)(E) A
(empty?(E) V f(choose(E)) = 0 V mu_fin?(E))

isf_def: LEMMA
isf?(f) & (3 (p: (finite_partition_of?(f))): TRUE)

IMPORTING sigma_set@sigma_countable

62



isf_integral(i): R =
Zimage[T R] (i fullset[T])/\ c:IF ¢ = 0 THEN 0 ELSE c x p(inverse_image [T, R](i, singleton [R](c))

3
Y

isf_integral_phi: LEMMA isf.integral(¢p) = u(E)
isf_integral zero: LEMMA isf_integral(A z: 0) = 0

isf_integral def: LEMMA
finite_partition_of?(:)(p) =
isf_integral(i) =
LET f =
AY:
1IF (= p(Y)) V empty?(Y) V i(choose[T](Y)) = 0
THEN 0
ELSE i(choose[T](Y)) x pu(Y')
ENDIF

IN pr

isf_integral scal: LEMMA
isf_integral(c x i) = ¢ x isf_integral(i)

isf_integral_opp: LEMMA
isf_integral(—i) = —isf_integral(7)

isf_integral_add: LEMMA
isf_integral(i; + i) =
isf_integral(iy) + isf_integral(iz)

isf_integral diff: LEMMA
isf_integral(i; — iz) =
isf_integral(i; ) — isf_integral(is)

isf_integral_pos: LEMMA
(V z: i(x) > 0) = isfintegral(i) > 0

isf_integral le: LEMMA
V x: i1(x) < da(z)) =
isf_integral(i;) < isf.integral(iz)

isf_integral_abs: LEMMA
lisf_integral(z)| < isf.integral(|z|)

isf_bounded: LEMMA
3 nnx: V z: —nnx < i(z) A i(z) < nnx

isf_integral bound: LEMMA
(V x: |i(z)] < nnx) =

isf_integral(|i]) < nnx x p(nonzero_set?(i))

isfrae_.0: LEMMA
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(simple?(f) A f=0 ae) &
(isf?(f) A isfiintegral(|f]) = 0)

isf_ae_eq: LEMMA
i1 =iz a.e. = isfiintegral(iy) = isf_integral(is)

isflae_0le: LEMMA ¢ >0 a.e. = 0 < isf_integral(i)

isf_ae_le: LEMMA
i1 <o a.e. = isfintegral(i;) < isf.integral(is)

isf_ae_ge_0: LEMMA i >0 a.e. A isfintegral(i) = 0 = i=0 a.e.
w: VAR increasing nn_simple

isf_convergence: LEMMA
uw /i = (isf_integral o u) " isf_integral(7)

END isf
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33 nn_integral

nnjntegral[T: TYPE, (IMPORTING subset_algebra_def [T]) S': sigma_algebra,
(IMPORTING measure,def[T, S’]) m: measure,type}: THEORY
BEGIN

IMPORTING measure,space[T, S], measure,props[T, S, m], measure,theory[T, S, m],
isf [T, S, m]

convergent?: MACRO pred [sequence [RH =
topological_convergence . convergent?

limit: MACRO [convergent — R] = topological_convergence.limit
n: VAR N

pn: VAR Ny

z: VAR T

c¢: VAR Ryxg

E: VAR measurable_set

F: vAR (mu-fin?)

g: VAR measurable_function

h: VAR nn_bounded_measurable

nn_isf?(i: isf): bool = V x: i(z) > 0

nn_isf: TYPE4 = (nn_isf?) CONTAINING (A z: 0)
i: VAR nn_isf

w: VAR sequence [nn,isf}

increasing nn_isf?(u: sequence|nn_isf]): bool =
pointwise_increasing?(u)

increasing nn_isf: TYPE+ = (increasing nn_isf?) CONTAINING (A

S8 >3

=

U, U1, Uz: VAR increasing nn_isf

nn_integrable?(g: [T — Rxo]): bool =
3 wu:
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u—>qg N
topological_convergence. convergent? (isf_integral o u)

nn_integrable_zero: LEMMA nn_integrable?(\ z: 0)
nn_integrable: TYPE+4 = (nn_integrable?) CONTAINING (A z: 0)
fs fi, fo: VAR nn_integrable

nn_integrable_is_nonneg: LEMMA f(z) > 0

nn_integrable_is_measurable: JUDGEMENT nn_integrable SUBTYPE_OF
measurable_function

nn_convergence: LEMMA

u — f A

us — f A topological_convergence.convergent? (isf_integral o u)

=

(topological_convergence . convergent? (isf_integral o us) A

topological_convergence. limit(isf_integral o uy) =
topological_convergence. limit(isf_integral o us))
nn_integral(f): R>o =
topological_convergence.limit
(isf_integral o choose({u | u — f}))

nn_integrable_add: JUDGEMENT +(f1, f2) HAS_TYPE nn_integrable
nn_integrable_scal: JUDGEMENT X(c, f) HAS_TYPE nn_integrable
nn_isf is nn_integrable: JUDGEMENT nn_isf SUBTYPE_OF nn_integrable
nn_integral_isf: LEMMA nn_integral(i) = isf_integral()
nn_integrable_le: LEMMA

(Vz: 0 <gl@) A glx) < flo) =

(nn_integrable?(g) A nn.integral(g) < nn_integral(f))
nn_integral zero: LEMMA nn_integral(A z: 0) = 0
nn_integral_phi: LEMMA nn_integral(¢p) = p(F)
nn_integral_add: LEMMA

nn_integral(fi + f2) =

nn_integral(f1) + nn_integral(f2)

nn_integral scal: LEMMA
nn_integral(c X f) = ¢ x nn_integral(f)

nn_integrable_prod: JUDGEMENT X(f, h) HAS_TYPE nn_integrable
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nn_indefinite_integrable: LEMMA nn_integrable?(¢g x f)
nn_0le: LEMMA 0 < nn_integral(f)
nn_integral_def: LEMMA

3 u:

u— f A isf.integral o u — nn_integral(f)

END nn_integral
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34 integral

J [T: TYPE, (IMPORTING subset_algebra_def [TD S': sigma_algebra,
(IMPORTING measure_def [T, S|) m: measure_type]: THEORY
BEGIN
IMPORTING measure,space[T, S], measure,theory[T, S, m], nn,integral[T, S, m]
g, 915 92, g3, g4: VAR nn_integrable

Tr: VAR T

integrable?(f: [T — R]): bool =
3 (g, h: nn_integrable): f = g—h

integrable: TYPE+ = (integrable?) CONTAINING (A z: 0)

nn_integrable_is_integrable: JUDGEMENT nn_integrable SUBTYPE_OF
integrable

isf_is_integrable: JUDGEMENT isf SUBTYPE_OF integrable

integrable_is_measurable: JUDGEMENT integrable SUBTYPE_OF
measurable_function

fs fi, fo: VAR integrable
w: VAR sequence [integrable}
fo: VAR [T — R}
h: VAR measurable_function
€: VAR Ry
c: VAR R
nnc: VAR Ry
E: VAR measurable_set
F: vAR (mu-fin?)
i: VAR isf
n: VAR N
integrable_equiv: LEMMA
91 =93 = 92— 01 =

nn_integral(g;) — nn-integral(gs) =
nn_integral(ge) — nn_integral(g4)
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integrable_add: JUDGEMENT +(f1, f2) HAS_TYPE integrable
integrable_scal: JUDGEMENT X(c, f) HAS_TYPE integrable
integrable_opp: JUDGEMENT —(f) HAS_TYPE integrable
integrable_diff: JUDGEMENT —(f1, f2) HAS_TYPE integrable
integrable_zero: LEMMA integrable?(A x: 0)
integrals(f): set[R] =
{c |
3 (g, h: nn_integrable):

f=9g—h A

¢ = nn_integral(g) — nn_integral(h)}
nonempty-integrals: LEMMA nonempty?[R] (integrals(f))
singleton_integrals: LEMMA singleton? [R] (integrals(f))

[ f: R = choose[R](integrals(f))

nn_integrable_is_nn_integrable: LEMMA
(V z: f(x) > 0) = nn_integrable?(f)

integral nn: LEMMA [g¢ = nn_integral(g)

integral zero: LEMMA [A z: 0 = 0

integral_phi: LEMMA [¢p = u(F)

integral.add: LEMMA [fi+fo = [fi+ [ fo

integral scal: LEMMA [c¢x f = ex [ f

integral opp: LEMMA [—f = —[ f

integral diff: LEMMA [ fi—fo = [fi— [ fo

integral nonneg: LEMMA (V z: f(z) > 0) = [f > 0
integrable_abs: JUDGEMENT abs(f) HAS_TYPE integrable
integrable_max: JUDGEMENT max(f1, f2) HAS_TYPE integrable
integrable_min: JUDGEMENT min(f;, f2) HAS_TYPE integrable
integrable_plus: JUDGEMENT plus(f) HAS_TYPE integrable

integrable_minus: JUDGEMENT minus(f) HAS_TYPE integrable
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integral_abs: LEMMA U f| < [1f]
integrable_pm_def: LEMMA
integrable?(fy) <
(integrable?(fo™) A integrable?(fy ™))
integral pm: LEMMA [ f = [ft— [ f~
integrable_abs_def: LEMMA integrable?(|h|) < integrable?(h)
integrable_nz_finite: LEMMA
measurableset?({z | |f(z)] > €}) A
mufin?({z | [f(2)] > &})

isf_integral: LEMMA [i = isf_integral(s)

\%

integral_ae_eq: LEMMA
f="h ae = (integrable?(h) A [f = [h)

integral_prod: LEMMA
|[h| <A z: nnc a.e =
(integrable?(f x h) A
J1f x k| < nnex [f])
indefinite_integrable: LEMMA integrable?(¢g X f)
integral_aele: LEMMA fi; < fo a.e. = [fi < [ fo
integral_ae_abs: LEMMA
b < |f| a.e. =
(integrable?(h) A |[h| < [If])
bounded_is_indefinite_integrable: LEMMA
bounded?(¢r x h) =
(integrable?(¢r x h) A
| ¢ x h| <
w(F) x supnorm(¢pp X h))
integral.abs_0: LEMMA [[f| = 0 = f=0 a.e.

measurable_ae_0: LEMMA
h=0 ae. = (integrable?(h) A [h = 0)

integral ae_ge 0: LEMMA f>0 ae. A [f =0 = f=0 ae
integrable_maximum: JUDGEMENT maximum(w, n) HAS_TYPE integrable
integrable_minimum: JUDGEMENT minimum(w, n) HAS_TYPE integrable

integrable_split: LEMMA
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V (h: [T — R]):

integrable?(h) <
integrable?(¢p x h) A
integrable?(¢5 < h)

integral split: LEMMA

If=
Jopxf+ [égxf

END [
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35 finite_integral

ﬁnite,integral[T: TYPE, (IMPORTING subset_algebra_def [T}) S': sigma_algebra,
(IMPORTING measure_def [T, S]) p: finite_measure|: THEORY
BEGIN

IMPORTING [[T', S, to_measure()]

bounded_measurable_is_integrable: JUDGEMENT bounded_measurable SUBTYPE_OF
integrable

END finite_integral
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36 integral convergence_scaf

integral_convergence_scaf [T: TYPE, (IMPORTING subset_algebra_def [T]) S': sigma_algebra,
(IMPORTING measure_def [T, S]) m: measure,type]: THEORY
BEGIN
IMPORTING measure,space[T, S], measure,theory[T, S, m], f [T, S, m]
f: VAR [T — R}
F: VAR sequence [integrable]
monotone_convergence_scaf : LEMMA
F /' f A bounded?([ o F) =
(integrable?(f) A ([oF) /[ f)

END integral _convergence_scaf
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37 integral convergence

integral,convergence[T : TYPE, (IMPORTING subset_algebra_def [T]) S': sigma_algebra,
(IMPORTING measure_def [T', S]) m: measure_type]: THEORY
BEGIN
IMPORTING integral_convergence_scaf [T, S, m]
i, J, n: VAR N
f> g: VAR integrable
F': VAR sequence [integrable]
FE: VAR negligible
x: VAR T
monotone_convergence: THEOREM
increasing?(F) a.e. =
(3 f: F— [ a.e.) < bounded?([oF)) A
(V fi F—>f ae = ([oF) /[ f)
dominated_convergence: THEOREM
(V n: |[F(n)] < f a.e) A aeconvergent?(F) =

Fg: F—gae AN [oF — [g)

END integral_convergence
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38 complete_integral

complete,integral[T: TYPE, (IMPORTING subset_algebra_def [T]) S': sigma_algebra,
(IMPORTING measure_def [T, S]) p: complete_measure|: THEORY
BEGIN

IMPORTING complete_measure_theory [T, S, u], f [T , S, u} s
integral _convergence [T, S, p]

f: VAR integrable

h: VAR [T — R]

F': VAR sequence [integrable]
n: VAR N

z: VAR T

complete_integral _ae_eq: LEMMA
f="h ae = (integrable?(h) A [f = [h)

complete_measurable_ae_0: LEMMA
h=0 ae = (integrable?(h) A [h = 0)

monotone_convergence_complete: THEOREM
ae_monotonic_converges?(F, h) A bounded?([ o F) =
(integrable?(h) A
monotonic_converges?(([ o F), [h))

dominated_convergence_complete: THEOREM
Vn: [Fn)|<f ae) N F—h ae =
(integrable?(h) A [oF — [ h)

END complete_integral

75



39 indefinite_integral
indeﬁnite,integral[T: TYPE, (IMPORTING subset_algebra_def [TD S': sigma_algebra,
(IMPORTING measure_def [T', S]) m: measure_type|: THEORY
BEGIN
IMPORTING measure,props[T, S, m], f [T, S, m}, integral,convergence[T, S, m]
fs fi, fo: VAR integrable
g: VAR [T — R]
h: VAR measurable,function[T , S]
DX: VAR disjoint_indexed_measurable
E, Ei, Ey: VAR measurable_set
F: vAR (mu-fin?)

N: VAR null_set

c: VAR R
zr: VAR T
n: VAR N

integrable?(E)(g): bool = integrable?(¢g X g)

fE: measurable,setf: (integrable?(E»: R =

o X f
indefinite_emptyset: LEMMA [;g = 0
indefinite_fullset: LEMMA ffullset f=/f

indefinite_eq_0: LEMMA
V (E: measurableset, f: (integrable?(E))):
aeiin?(\ z: f(z) > 0)(E) A [¢pxf =0 =
(mufin?(E) A u(E) = 0)

indefinite_eq: LEMMA

(V E: fEfl = fEfz) = fi=fs ae
indefinite_phi: LEMMA [ ¢p = p((ENF))
indefinite_.add: LEMMA

V (E: measurableset, f1, fa: (integrable?(FE))):
Johi+fo= [ghi+[sf
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indefinite_scal: LEMMA
V (E: measurable_set, f: (integrable?(E))):

Jplexf) =cx[pf

indefinite_opp: LEMMA
YV (E: measurableset, f: (integrable?(E))):

fE - = _fEf

indefinite_diff : LEMMA
V (E: measurableset, f1, fa: (integrable?(E))):

fEfl_f? = fEfl_fEfQ

indefinite_ae_eq: LEMMA

f1=f2 a.e. < (V E: fEfl = fEfQ)
indefinite 0 le: LEMMA >0 ae. & (V E: 0 < [ f)

indefinite_le: LEMMA
f1 ng a.e. < (V E: fEfl < fEfg)

indefinite_pm: LEMMA
YV (E: measurableset, f: (integrable?(E))):

fEf = fEf+_fEf_

indefinite_union: LEMMA
YV (Ey, E: measurableset, f: (integrable?((E; U E»)))):
disjoint?(Ey, E;) =
f(EluEQ) f= fEl f+ fE2 f
indefinite_subset: LEMMA
YV (Ey, E2: measurableset, f: (integrable?(FE2))):
(ElgEQ) A\ fZO a.e. = fElf < szf

indefinite_null: LEMMA ho =0

indefinite_countably_additive: LEMMA
series(\ n : fDX(n) f) — fUDXf

END indefinite_integral
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40 measure_equality

measure,equality[T: TYPE, (IMPORTING subset_algebra_def [T}) S': sigma,algebra]: THEORY
BEGIN

IMPORTING measure_def [T s S]
W, V: VAR measure_type

x: VAR T

f: var [T — R]

g: VAR [T — Rx|

E: VAR (95)

IMPORTING [

measure_eq_isf?: LEMMA
(v B p(E) = v(E)) =
(isf?[T, S, u](f) & isf?[T, S, I/](f))

measure_eq_isf: LEMMA
(Y E: u(E) = v(E) A
(st?[T, S, p](f) Vv isf?[T, S, v|(f))
=
isf_integral [T, S, p](f) =
isf_integral [T, S, v|(f))

measure_eq-_nn_integrable?: LEMMA
(v B p(E) = v(E)) =

(nn_integrable?[T', S, u|(g) <

nn_integrable? [T, S, v](g))

measure_eq_nn_integral: LEMMA
(v E: u(E) = v(E)) A
(nn_integrable?[T', S, u](g) V nn_integrable?[T’, S, v|(g))
=
(nn_integral[T', S, p](g) = nn.integral[T, S, v](g))

measure_eq_integrable?: LEMMA
(v B: u(B) = v(E)) =
(integrable? [T, S, p](f) < integrable?[T, S, v|(f))
measure_eq_integral: LEMMA
(v E: u(E) = v(E)) A
(integrable? [T, S, p|(f) V integrable?[T, S, v|(f))
= (f=1]1

END measure_equality
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41 measure_contraction

measure,contraction[T: TYPE, (IMPORTING subset_algebra_def [T]) S sigma,algebra]: THEORY
BEGIN

IMPORTING measure_def [T s S] , measure,space[T, S}
fxg: [T — R]: Mmacro [T — R] = fxyg

[: VAR measure_type

v: VAR sigma_finite_measure

A, E: VAR measurable_set

f: VAR measurable_function

i: VAR N

contraction(y, A): measure_type = XA E: pu((ANE))

fm_contraction(p: measure_type, A: {E | p(F)‘1}): finite_measure =
AE: p((ANE))2

sigma_finite_contraction_def : LEMMA
v(E) =3 X i: (TRUE, fm_contraction(v, A_of(v)(i))(E))

IMPORTING isf, nn_integral, [, indefinite_integral, integral convergence

contraction_is_sigma_finite: JUDGEMENT contraction(r, A) HAS_TYPE
sigma_finite_measure

contraction_isf: LEMMA
YV (f: simple):
isf?[T, S, contraction(p, A)|(f) <
isf?[T, S, ,u]((qSA x f))

contraction_isf_integral: LEMMA
Y (f: isf[T, S, contraction(p, A)]):
isf-integral[T', S, contraction(u, A)|(f) =
isf-integral [T, S, p]((¢a x [))

contraction_nn_integrable: LEMMA
YV (f: nn_measurable):
nn_integrable? [T, S, contraction(u, A)|(f) <
nn_integrable? [T, S, u]((¢a x f))

contraction_nn_integral: LEMMA
v o(f: nn,integrable[T, S, contraction(u,
(

—

A)):

)

nn,integral[T, S, contraction(u, A)]
nn_integral [T, S, u|((¢a x f))
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contraction_integrable: LEMMA
integrable?[T', S, contraction(u, A)|(f) <
integrable? [T', S, u|((¢a x f))

contraction_integral: LEMMA

V (f: integrable[T, S, contraction(p, A)]):

Jf=[(dax])

END measure_contraction
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42 measure_contraction_props

measure,contraction,props[T: TYPE, (IMPORTING subset_algebra_def [T}) S': sigma_algebra,
(IMPORTING measure_def [T, S]) 7% measure,type]: THEORY
BEGIN

IMPORTING measure,props[T, S, u], measure,contraction[T, S], integral_convergence_scaf
A: VAR disjoint_indexed_measurable

h: VAR measurable_function

z: VAR T

n: VAR N

convergent?: MACRO pred [sequence [RH =
topological_convergence . convergent?

contraction_integrable_def: LEMMA
UA = fullset[T] A (V z: h(z) > 0) =
(integrable? [T, S, p](h) <
((Y n: integrable?[T, S, contraction(u, A(n))](h)) A
topological_convergence . convergent?

(series(X n: [ h))))

END measure_contraction_props
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43 sigma finite_measure_props
sigma_finite_measure_props[T: TYPE, (IMPORTING subset_algebra_def[T]) S: sigma_algebra,

(IMPORTING measure,def[T, S]) e sigma,ﬁnite,measure]: THEORY
BEGIN

IMPORTING measure_contraction_props [T, S, p] , Mmeasure_equality [T, S]
f: VAR nnjntegrable[T, S, ,u]
g: VAR integrable[T, S, u]

h: VAR nn,measurable[T, S]

A: VAR (S)
Tr: VAR T
n: VAR N

F: VAR sequence[[T — RH

convergent?: MACRO pred [sequence [RH =
topological_convergence . convergent?

sfm_integrable: LEMMA
((Y n: integrable?[T', S, contraction(u, A_of(u)(n))](h)) A
topological convergence . convergent?(series(A n: [ h)))
& integrable? [T, S, u](h)

sfm_integral: LEMMA series(A n: [f)— [ f

sfm_component_eq: LEMMA
to_measure(fm_contraction(y, A_of(u)(n)))(A) = contraction(u, A_of(u)(n))(A)

IMPORTING integraLconvergence[T, S, ,u]

sfm_monotone_convergence: LEMMA
increasing?(F') a.e. A
(V n, z: F(n)(z) > 0) A
(V n: integrable?[T', S, contraction(y, P_of(u)(n))](F(n)))
=
(3 g: F— g a.e.) < bounded?(A n: [F(n))) A
(Vg: F—g ae. = An: [F(n),/ [g)

END sigma_finite_measure_props
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Part VII
Product Measures

44 product_finite_measure

product,ﬁnitelneasure[(IMPORTING subset_algebra_def) 77, To: TYPE, Si: sigma,algebra[Tl],
So: Sigma,algebra[TQH: THEORY
BEGIN

IMPORTING product_sigma_def [Tl , Tg] , product_sigma [Tl, T, S, 52} , measure_def [Tl, Sl} s
measure_def [Tg, SQ] , measure_def [[T 1, TQ] , 91 X% Sg] s f , finite_measure,
monotone_classes, integral_convergence

M: vAR (S7 x S2)

x: VAR T}

: VAR 15

<

. VAR (Sl)

: VAR (S2)

H < X

: VAR sequence[(S] x S2)]

: VAR finite_measure[Ty, Si]

=

V: VAR finite_measure [TQ , Sg]
x_section_bounded: LEMMA
0 < (voxsection(M))(xz) A
(v o xsection(M))(z) < v(fullset[T3])
y_section_bounded: LEMMA
0 < (poysection(M))(y) A
(1o ysection(M))(y) < p(fullset[T])

x_section_measurable: LEMMA
measurable_function? [Ty, S1](v o x_section(M))

y_section_measurable: LEMMA
measurable_function? [Ty, S3](p o y_section(M))

x_section_integrable: LEMMA
integrable? [T}, Sy, to_measure(u)|(v o x_section(M))

y_section_integrable: LEMMA
integrable? [T, S, to_measure(v)](p o y_section(M))

rectangle_measurel: LEMMA
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M=XxY =
Jvoxsection(M) = pu(X) xv(Y)

rectangle_measure2: LEMMA
M=XxY =
[ moysection(M) = p(X) xv(Y)

XU ﬁnite,measure[[Tl s Tg] , S X Sg]
A M: [voxsection(M)

fm_times_alt: LEMMA
ﬁnite,measure?[[Tl R Tg] , 91X SQ]
(A M: [ poysection(M))

finite_product_alt: THEOREM
fm_times(p, v)(M) = [ poy-section(M)

END product_finite_measure
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45 product_measure

product,measure[(IMPORTING subset_algebra_def) Ty, T»: TYPE, Si: sigma,algebra[Tl],
So: sigma,algebra[Tg]]: THEORY
BEGIN

IMPORTING product,sigma[Tl, 15, S, SQ] , measure_contraction [Tl, Sﬂ s
measure_contraction [TQ s 52} s measure,contraction[[Tl s Tg} , S1 X Sg] ,
product_finite_measure [Tl, T, Sy, Sg} R @Zo@ﬁdouble,index [set[[Tl, Tg]”

(: VAR sigma_finite_measure [Tl, Sl]
V: VAR sigma,ﬁnite,measure[Tg, SQ]
X: VAR (S1)

Y: VAR (S2)

M: vAR (S1 x S3)

z: VAR [Tl, Tg]

i, J, n: VAR N

product_measure_approx(u, v)(i, j): ﬁnite,measure[[Tl, Tg], S1 XSQ:I =
fm_contraction [Ty, Si](u, A-of(p)(i)) x fm_contraction [Tb, Sa](v, A_of(v)(j))

WXV sigmaﬁnitemeasure[[Tl s Tg] , S1 X Sg] =
A M:
S>Xi: > A j: tomeasure(product_measure_approx(u, v)(i, j))(M)

m_times_alt: LEMMA
m_times(pu, v)(M)=>_ X j: > A i: tomeasure(product_measure_approx(u, v)(i, j))(M)

rectangle_measure: LEMMA
m_times(u, v)(X xY) = pu(X) xv(Y)

phil(X): simple“Tl, Tg], S XSQ] =
o}

phi2(Y): Simple[[Tl, Tg], S1 X Sg} =

Prultset [71] xy

X x fullset [ T

END product_measure
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Part VIII
Product Integrals

46 product_integral def

product_integral _def [(IMPORTING subset_algebra_def) measure_def, T}, T»: TYPE,
St: sigma,algebra[Tl], So: sigma,algebra[Tg], e measure,type[Tl, Sl],
v: measure,type[Tg, SQH: THEORY

BEGIN

IMPORTING [ [Ty, Si, p], [[T2, S2, v], reals@real fun_ops[[Ty, T%]]
h: VAR [[T1, To] — R]
f: VAR integrable[Ty, Si, pu]
g: VAR integrable[Th, S3, V]
Ni: VAR nullset[Ty, Si, u
Na: VAR nullset[Th, Sz, v]
Tr: VAR T}
y: VAR Ty
c¢: VAR R
integrable1?(h): bool =
3N, f:
vV ox:
- (xeN) =

integrable?(A y: h(z, y)) A
JAy: Mz, y) = f(2)

integrable2?(h): bool =
3 Ns, g:
vV oy:
- (y S Ng) =
integrable?(A z: h(z, y)) A
JA @ bz, y) = g(y)

integrablel: TYPE+ = (integrablel?) CONTAINING (A z, y: 0)

integrable2: TYPE+ = (integrable2?) CONTAINING (A z, y: 0)
g1, hi: VAR integrablel

g2, hs: VAR integrable2
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integrablel zero: LEMMA integrablel?(A z, y: 0)
integrablel_add: JUDGEMENT +(g;, hi) HAS_TYPE integrablel
integrablel scal: JUDGEMENT X(c, hi) HAS_TYPE integrablel
integrablel opp: JUDGEMENT —(h1) HAS_TYPE integrablel
integrablel diff: JUDGEMENT —(g1, hi) HAS_TYPE integrablel
integrable2_zero: LEMMA integrable2?(A z, y: 0)
integrable2_add: JUDGEMENT +(g2, h2) HAS_TYPE integrable2
integrable2_scal: JUDGEMENT X(c, ha) HAS_TYPE integrable2
integrable2_opp: JUDGEMENT —(hg) HAS_TYPE integrable2
integrable2 diff: JUDGEMENT —(g, hg) HAS_TYPE integrable2

null_integrablel(hq): [nulLset[Tl, S1, ,u], integrable[Tl, Si, y” =
choose({Ny, f |
Y x:
- (xreN) =
integrable?(\ y: hi(z, y)) A
SNy hae, y) = f@)})

null_integrable2(hs): [nulLset[Tg, Sa, u}, integrable[Tg, Sa, V]] =
choose({Nz, g |
vV oy:
- (y € NQ) =

integrable?(A z: ha(z, y)) A
Az ho(z, y) = g(y)})

null_integrall _def: LEMMA
(N1, f) = nullintegrablel(hq
(integrable?(A y: hi(z, y))
IAy: b ) = f@)

A (m (xeN)) =

)
A
)

null_integral2_def: LEMMA
(N2, g) = nullintegrable2(hs) A (= (y € Na)) =
(integrable?(A z: ha(x, y)) A
Xz ha(z, y) = g(y))

integrall(hy): integrable[Tl, S1, u} =
Az
LET (N, f) = nullintegrablel(h;) IN
IF (r € N1) THEN 0 ELSE f(z) ENDIF

integral2(hg): integrable[Tg, Sa, V} =
Ay
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LET (N2, g) = null.integrable2(hs) IN
IF (y € N2) THEN 0 ELSE ¢(y) ENDIF

integrall zero: LEMMA integrall(A z, y: 0) = (A x: 0)

integrall_add: LEMMA
integrall(g; 4+ h1) = integrall(g;) + integrall(hy) a.e.

integrall scal: LEMMA
integrall(c x hy) = ¢ x integrall(h;) a.e.

integrall opp: LEMMA
integrall(—(hy)) = —integrall(hi) a.e.

integrall_diff: LEMMA
integrall(g; — h1) = integrall(g;) — integrall(hy) a.e.

integral2_ zero: LEMMA integral2(A z, y: 0) = (A y: 0)

integral2_add: LEMMA
integral2(gs + ho) = integral2(gs) + integral2(hs) a.e.

integral2_scal: LEMMA
integral2(c x hy) = ¢ x integral2(hs) a.e.

integral2_opp: LEMMA
integral2(—(hg)) = —integral2(hs) a.e.

integral2_diff: LEMMA
integral2(ge — ha) = integral2(gs) — integral2(hs) a.e.

END product_integral _def
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47 finite_fubini_scaf

ﬁnite,fubinijcaf[(IMPORTING subset_algebra_def) measure_def, Ty, T»: TYPE,
Si: sigma,algebra[Tl], So: sigma,algebra[Tg}, 7% ﬁnitemeasure[Tl, 51],
v: ﬁnite,measure[Tg, Sz]]: THEORY

BEGIN

IMPORTING product,sigma[Tl, 15, Sy, SQ] , measure_def [Tl s Sl] , measure_def [TQ, SQ] R
measure,def[[Tl s TQ] , 91 X% 52} , product_finite_measure [Tl , Ty, S1, Sg}

IMPORTING nn,integral“Tl, Tg] , S1 X Sy, to_measure(p x u)}
¢g: VAR nn_integrable

i1 VAR isf

n: VAR nn_isf

E: VAR (57 x S2)

IMPORTING [[[Ty, Tb], Si xSz, to_measure(u x v)]

f: VAR integrable

h: VAR nn,measurable[[Tl, Tg} , S1 % SQ]

m: VAR measurable,function[[Tl, T2] , S1 % Sg]

r: VAR T}

y: VAR Th

IMPORTING f[Tl, Si, to,measure(u)], f[Tg, Sa, to,measure(l/)]

measurable_x_section: LEMMA
measurable_function? [T, S2](A y: m(z, y))

measurable_y_section: LEMMA
measurable_function? [Tl, 51]()\ x: m(z, y))

isf x_section: LEMMA isf?(A y: i(z, y))

isf_y_section: LEMMA isf?(\ z: i(z, y))

integral_phil: LEMMA
(A z: isfintegral[Ty, Sa, to_measure(v)|(X y: ¢(E)(z, y))) =
v o x_section(FE)

integral_phi2: LEMMA

(A y: isfintegral[Ty, Si, tomeasure(u)|(A z: ¢(E)(z, y))) =
oy _section(E)
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integral_phi3: LEMMA
isf_integral(¢g) =
J Az isfintegral(A y: ¢(E)(z, y))

integral _phi4: LEMMA
isf_integral(¢p) =
J Ay isfintegral(A z: ¢(E)(z, y))

isf_integral x: LEMMA
integrable?(A z: isf.integral(\ y: i(z, y)))

isf_integral_y: LEMMA
integrable?(A y: isfintegral(A z: i(z, y)))

isf_fubini_tonelli_3: LEMMA
isf_integral(i) =
J Az isfintegral(A y: i(z, y))

isf_fubini_tonelli 4: LEMMA
isf_integral(i) =
J Ay istintegral(A z: i(x, y))

END finite_fubini_scaf
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48 finite_fubini_tonelli

ﬁnite,fubini,tonelli[(IMPORTING subset_algebra_def) measure_def, Ty, T»: TYPE,
S1: sigma_algebra [Tl] , S9: sigma_algebra [Tg] R
T ﬁnitemeasure[Tl, 51], v: ﬁnite,measure[Tg, Sgﬂ: THEORY
BEGIN
IMPORTING ﬁnite,fubini,scaf[Tl, Ty, S1, So, i, 1/],
product,integral,def[Tl, Ty, S1, Sa, to_measure(u), to,measure(y)},
integral_convergence, indefinite_integral
g: VAR
nn_integrable
[[Tl, Tg} , S1 XSy, tomeasure(p X 1/)]
h: VAR nnmeasurable[[Tl, Tg} , S1 X% Sg]
finite_fubini_tonelli_1: LEMMA integrable?(h) < integrablel?(h)
finite_fubini_tonelli_2: LEMMA integrable?(h) < integrable2?(h)
finite_fubini_tonelli_ 3: LEMMA [g = [ integrall(g)
finite_fubini_tonelli 4: LEMMA [g¢ = [integral2(g)

END finite_fubini_tonelli
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49 finite_fubini

ﬁnite,fubini[(IMPORTING subset_algebra_def) measure_def, Ty, T»: TYPE, Si: sigma,algebra[Tl],
Sy : sigma,algebra[Tg], e ﬁnite,measure[Tl, Sl],
v: ﬁnite,measure[Tg, 52]]: THEORY

BEGIN

IMPORTING sigma,algebra[Tl, Sl] s sigma,algebra[Tg, 52} s
ﬁnite,fubini,tonelli[Tl, Ty, S1, So, u, 1/],
ﬁnite,integral[[Tl , Tg] , 91X S9, px 1/] s
ﬁnite,integral[Tl, S, u}, ﬁnite,integral[Tg, S, V}

f: VAR

integrable
[Ty, T2], S1 xSy, tomeasure(u x v)]
finite_integrable_is_integrablel: LEMMA integrablel?(f)
finite_integrable_is_integrable2: LEMMA integrable2?(f)
finite_fubinil: COROLLARY [ f = [ integrall(f)
finite_fubini2: COROLLARY [ f = [ integral2(f)

h: VAR bounded_measurable[ [Ty, Tb], Si X S3]

Tr: VAR T}

y: VAR Tp

integrable_x_section: LEMMA integrable?(A y: h(z, y))

integrable_y_section: LEMMA integrable?(A z: h(z, y))

integrable_integral x_section: LEMMA
integrable?(A z: [A y: h(z, y))

integrable_integral _y_section: LEMMA
integrable?(A y: [A x: h(z, y))

integral_integral x_section: LEMMA
fXxz: [Xy: hiz, y) = [h

integral_integral_y_section: LEMMA
JAXy: [Xz: bz, y) = [h

END finite_fubini
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50 fubini_tonelli_scaf

fubini_tonelli_scaf [(IMPORTING subset_algebra_def) measure_def, T, Ty: TYPE,
Sq: sigma,algebra[Tl], So: sigma,algebra[Tg],
W sigma_finite_measure [Tl, 5’1] s
v: sigmaﬁnite,measure[Tg, Sg]]: THEORY

BEGIN

IMPORTING product,measure[Tl, T, Si, Sg], fHTl, TQ] , 51X S9, px I/}

E: VAR (S7 x S2)

X: VAR (S1)

Y: vAr (52)

xr: VAR T}

y: VAR Th

i, J, n: VAR N

IMPORTING product_integral _def [Tl, Ty, S1, So, u, V], measure_contraction_props,
Eleasure,equality, finite_fubini_tonelli, finite_fubini, indefinite_integral,
R>p@double_nn_sequence, sigma_finite_measure_props

h: VAR nnmeasurable[[Tl, Tg} , S1 X% Sg]

IMPORTING product_integral _def, sigma_finite_measure_props

convergent?: MACRO pred [sequence [RH =
topological_convergence . convergent?

product_measure_contraction: LEMMA
contraction(p X v, X X Y)(E) = m_times(contraction(u, X), contraction(v, Y))(E)

product_sfm_contraction: LEMMA
contraction(u x v, A_of(u)(i) x A_of(v)(j))(E) = product_measure_approx(u, v)(i, j)(E)

product_measure_contraction_.n: LEMMA
m_times(contraction(u, P_of(u)(n)), contraction(v, P_of(v)(n)))(E) = to-measure(fm_contraction(u, P_of(u)(n))

fubini_tonelli_scafl: LEMMA
(integrable?(h) < integrablel?(h)) A
(integrable?(h) =
[h = [integrall[Ty, T2, Si, Sa2, p, v](h))

fubini_tonelli_scaf2: LEMMA
(integrable?(h) < integrable2?(h)) A
(integrable?(h) =
fh = fintegralQ[Tl, TQ, Sl, Sg, M, I/](h))
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END fubini_tonelli_scaf
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51 fubini_tonelli

fubini,tonelli[(IMPORTING subset_algebra_def) measure_def, Ty, T»: TYPE,
Si: sigma,algebra[Tl], So: Sigma,algebra[Tg],
e sigmaﬁnite,measure[Tl, Sl], v: sigma,ﬁnite,measure[Tg, Sg]]: THEORY
BEGIN
IMPORTING product,measure[Tl, T, S1, Sg], fHTl, TQ] , 51X So, px 1/}
g: VAR nn._integrable
h: VAR nn_measurable[[Ty, T3], S1 x Ss]
Tr: VAR T}

y: VAR Ty

IMPORTING product,integral,def[Tl, Ts, S1, So, u, u],
fubini_tonelli_scaf [Tl, Ty, S1, S2, w, 1/]

fubini_tonelli_-1: THEOREM integrable?(h) < integrablel?(h)
fubini_tonelli_2: THEOREM integrable?(h) < integrable2?(h)

fubini_tonelli_3: THEOREM
Jg = fintegrall[Tl, Ty, S1, So, p, y](g)

fubini_tonelli_4: THEOREM
[g9 = [integral2|[Ty, Tb, Si, S, p, v|(g)

END fubini_tonelli
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52 fubini

fubini[(IMPORTING subset_algebra_def) measure_def, Ty, T»: TYPE, Si: sigma,algebra[Tl],
So: sigma,algebra[Tg], e sigmaﬁnite,measure[Tl, 5’1],
v: sigmaﬁnite,measure[Tg, 5’2]]: THEORY
BEGIN
IMPORTING fubini_tonelli[Ty, T», Si, S2, w, V]
f: VAR integrable[[Tl, Tg] , 51X So, ux 1/]
r: VAR T}
y: VAR Th
integrable_is_integrablel: LEMMA integrablel?(f)

integrable_is_integrable2: LEMMA integrable2?(f)

fubinil: LEMMA
ff = fintegra'll[Th T27 517 SQ) My V](f)

fubini2: LEMMA
ff = fintegralQ[Tl, T, S1, So, wu, V](f)

END fubini
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